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Abstract 

In this paper, we prove the equahty between the transcendental degree of the field 
generated by the w-adic periods of a i-motive M and the dimension of the Tannakian 
Galois group for M, where w is a "finite" place of the rational function field over a 
finite field. As an application, we prove the algebraic independence of certain "formal" 
polylogarithms. 
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1 Introduction 



Let ¥q be the finite field with q elements, and t be variables independent from each 
other, and v S ¥q[t] a fixed monic irreducible polynomial of degree d. Let M be a rigid 
analytically trivial i-motive over ¥q(6). Then there exists an cx)-adic period matrix for 
the Betti realization of M. Set A to be the field generated by the components of this 
matrix over ¥q{6){t). Set T to be the Tannakian Galois group of M with respect to the 
Betti realization. Papanikolas [10] shows that the transcendental degree of A over ¥q(0){t) 
coincides with the dimension of L. In this paper, we prove the f-adic analogue of this 
theorem. 

Let K/¥q be a regular extension of fields. We set K^'^P[t\y := ]^{K^°^[t\/v^) and 
K^'^P{t)y := ¥q{t) (8)Fq[t] K^^P[t]y, where /C^'^p is a separable closure of K. We also define 
¥q(t)y and K{t)y by the same way. Let a be the ring endomorphism ^ Ojt* i-^ ^ a?t* of 
Then a naturally extends to an endomorphism of K^^'^{t)y, also denoted by a. 
A 93-module over K{t)y is a pair (M, ip) (or simply M) where M is a i^(t)t,-vector space 
and : M — >■ M is an additive map such that (p{ax) = a{a)(p{x) for all a € K{t)v and 
X G M. A morphism of (/^-modules is a i^(t)„-linear map which is compatible with the 
</?'s. A tensor product of two (/^-modules is defined naturally. 

For any 93-module M, we define the f-adic realization of M : 

V{M) := (i^^^P(t). (E>Kit). Mf, 

where if acts on K^°^{t)y ^K{t)y M by a ip and (— is the 99-fixed part. Then there 
exists a natural map 

LM : K'''''{t)y ®F,{t). V{M) ^ K''P{t)y ®K{t). M. 

We can prove that lm is injective for each 99-module M. A module M is said to be 
K^'^^ {t)y-tx\'vial if M is finite-dimensional over K{t)y and lm is an isomorphism. Then the 
category of i^''^'^P(t)t,-trivial 99-modules over K{t)y equipped with the functor V forms a 
neutral Tannakian category over ¥q{t)y. For any i^'"^P(t)„-trivial (/^-module M, we denote 
by Tm the Tannakian Galois group of the Tannakian subcategory of -fir^*'P(t)t,-trivial ip- 
modules generated by M (see Subsections 13.21 and 13. 3|) . 

Let M be a finite-dimensional (/9-module and m € Matrxi(-^) a i^'(t)t,-basis of M. 
Then there exists a matrix ^ € Matrxr{K{t)y) such that (pm = <I>m. If M is K^^'P{t)y- 
trivial, we can take a matrix ^ = (^ij)ij G Ghr(K^°^{t)y) such that ^'^"'^m forms an 
F^(t)^-basis of V{M). The entries of this matrix are called v-adic periods of M, which are 
our main objects of study in this paper. We set 

S := K{tU^, 1/ det ^] := KitU^iu'^m • • • , *rr, 1/det ^] C K^"P(t)„. 

Then S is stable under the a-action. For any Fg(t)^-algebra R and S, we set 

R <8)F,(t)„ 5'. If (J acts on S, we define the u-action on 5*^^^ by id ^ a. Set T{R) := 

Aut^(S(^)/ii:(t)i^)) the group of automorphisms of S*-^^ over K{t)i^^ that commute with 
a. Then F forms a functor from the category of Fg(t)„-algebras to the category of groups. 
If we factorize v = Y\i^z/di^ ~ ^i) K^°^[t] with = A^+i, then we can write K^^P{t)v = 
Ui K^'^'Ht - A;)) and = {^ijih where e K^^P((t - A^)). We set 

A; := K{tU^ni, "frrl) C i^^^P((t - AO) 
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for each / € TLjd. Our main result in this paper is (see Lemma 14.161 and Theorems 14.141 
andEISI): 



Theorem 1.1. The functor T is representable by a smooth affine algebraic variety over 
^q{t)v, clIso denoted by P. We have an equality dimF = tr.deg^(^)^ A; for each I £ Z/d 
and there exists a natural isomorphism P — >■ Fm of affine group schemes over Fq(t)„. 

This theorem is a u-adic analogue of Papanikolas's Theorem 4.3.1 and 4.5.10 in |10) . 
which treated oo-adic objects. The proof of this theorem follows [lOj closely, but since 
y is not a field if d > 1, several arguments here are more complicated than in [lOj . 
Let K = Fg(0) where is a variable independent of t. Papanikolas shows the equality 
of the transcendental degree of the field of periods (specialized a.i t = 9) over K and 
the dimension of the Tannakian Galois group using the so-called ABP-criterion proved by 
Anderson, Brownawell and Papanikolas in [2j. In fact he proved an algebraic independence 
of Carlitz logarithms. On the other hand, Anderson and Thakur ^ shows that the relation 
between the Carlitz zeta values and Carlitz logarithms. Then using these results, Chang 
and Yu [5] determined the all algebraic relations among the Carlitz zeta values. These 
applications are our motivation of this paper, but in this paper, we can only prove a f-adic 
analogue of the ABP-criterion for the rank one case. 

In Section [31 first we review a theory of 93- modules in a general setting and construct 
a Tannakian category. In the u-adic case, we show that this category is equivalent to the 
category of Galois representations. In Section [H we consider Frobenius equations in our 
situation, and construct F. In Section O we discuss the relation between F and Fa/, and 
prove that these are isomorphic in the v-adic case. This uses the fact that the set of Fg(t)t,- 
valued points T(¥q{t)y) is Zariski dense in F. Since F(Fg(t)„) contains the Galois image, 
this is large enough in P. This is an essentially different point from Papanikolas's proof 
for the cxD-adic case, in which the Zariski density is not proved and other facts are used to 
show this isomorphism. In Section [6l we discuss a I'-adic analogue of the ABP-criterion. 
In Section [71 we prove the algebraic independence of certain "formal" polylogarithms. 

Acknowledgments. The author thanks Yuichiro Taguchi for many helpful discussions on 
the contents of this paper and for reading preliminary manuscripts of this paper carefully. 

2 Notations and terminology 
2.1 Table of symbols 



Fg := the finite field of q elements 

k := an algebraic closure of a field k 

k^'^P := the separable closure of a field k m.k 

f^S := the cardinality of a set S 

Matrxs(^) := the set of r by s matrices with entries in a ring or module R 
Ghr{R) ■= the group of invertible r by r matrices with entries in a ring R 
Vec(A;) := the category of finite-dimensional vector spaces over a field k 

Rep{G,R) := for a ring R the category of finitely generated i?-representations 
of an affine group scheme G over R, or for a topological ring R 
the category of finitely generated continuous i?-representations of 
a topological group G 
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2.2 Action 



Let i? be a ring or module and f : R ^ R a map. For a matrix A = {Aij)ij € MatrxsiR), 
we denote by f{A) the matrix {f{Aij))ij. 

Let be a set and H a set of maps from S to itself. Then we denote by the subset 
of S consisting of elements which are fixed by H. For a map f : S ^ S, we set 

2.3 Base change 

Let i? ^ S be a homomorphism of commutative rings and X a scheme over R. We 
denote by Xs ■= X Xspecij Spec S the base change from to 5 of X. We also denote by 
X{S) := Homspec_R(Spec S", X) the set of 5- valued points of X over R. When R and S are 
fields, we have a natural injection X(R) ^ X(S) = Xs{S). We always consider X(R) as 
a subset of Xs{S) via this injection. 

3 (/^-modules 
3.1 etale (/^-modules 

In this subsection, we recall the definitions and properties of etale (/9-modules (cf. [7]). Let 
A be a commutative ring and a an endomorphism of A. For any A-module M, we put 
M^"') := A (S)A M, the scalar extension of M by a. A map (p : M ^ M is said to be 
a-semilinear if ip{x + y) = ^{x) + p{y) and Lp{ax) = a{a)ip{x) for all x,y G M and a & A. 
Then it is clear that to give a c-semilinear map 99 : M — ?> M is equivalent to giving an 
j4-linear map ip^ : M^"") — > M. 

Definition 3.1. A ip-module (M, over (A, a) (or simply, M over A) is an A-module M 
endowed with a fi-semilinear map (/? : M — >■ M. A morphism of modules is an A-linear 
map which is compatible with the 99's. When ^ is a noetherian ring, a (^-module (M, 
is said to be etale if Af is a finitely generated A-module and (fa ■ M^"^ — )■ M is bijective. 

We denote by $Myi the category of (/^-modules over A and <I>M2 its full subcategory 
consisting of all etale (/9-modules. For any (/9-modules M and A'^, we denote by Hom^(M, A^) 
the set of morphisms of M to A^ in <I>M^. 

Let ^cr[(^] be the ring (non commutative if cr 7^ idyi) generated by A and an element p 
with the relation 

(pa = a{a)ip 

for each a ^ A. Then it is clear that the category <I>Myi and the category of Ao-[(/7]-modules 
are naturally identified. Hence, the category $M is an ^'^-linear abelian category. 

For each (^-module M and A^, we denote hy M ® N the tensor product of M and A^, 
which is M X as an A-module and has a (^-action defined hy p®ip>. Then the functor 
(8) is a bi-additive functor and {A, a) is an identity object in $Myi for this tensor product. 
Therefore the category $Myi is an abelian tensor category ([B]). 

Proposition 3.2. There exists a natural isomorphism A'^ = End,^(74) := 'iiom.^p{A, A) . 

Proof. For any endomorphism / € End(p(^), we have = p{f{l)) = f{ip{l)) = 

/(cr(l)) = /(I). Hence /(I) G Conversely for any element a G A'^, we have a map 
fa ■ A^ A;x i-^ ax. It is clear that fa € End(p(yl). These are inverse to each other. □ 
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Proposition 3.3. Assume that A is noetherian and a is flat. Then the category <I>M^ is 
an ahelian A" -linear tensor category. 

Proof. It is clear that <I>M^ is closed under finite sums and tensor products, and the 
identity object (j4, a) is etale. Therefore it is enough to show that for each etale (p- 
modules M and N and a morphism f : M ^ N, the kernel and cokernel of / in are 
etale. Since M and A'^ are etale and a is flat, we have the commutative diagram 

^ (ker /)('^) ^ M^"^ ^ A^^'") ^ (im /) W ^ 



VN,, 



^ ker / ^ M ^ N ^ im / ^ 0, 

where (/^m.ct and 'PN,a- are isomorphisms and the rows are exact. Then we have that ip'„ 
and 99" are isomorphism by a diagram chasing. □ 

Let {M,ipm) and {N,(fN) be (/^-modules over A. If fM,a- '■ M^'^^ ^ M is an iso- 
morphism, we define a module Hom(M, A^), whose underlying ^-module is the space 
Hom^(M, A^) of A- module homomorphisms and a (^-action is defined by 

HomA(M,Af)M ^ HomA(M('"),Af('^)) ^HomA(M,Af), 

where the first map is the natural map and the second map is defined by / 1-^ ^N,a°f°fjja-- 
There exists a natural morphism of (y9-modules evM,N '■ Hom(M, A^) ^ M ^ N. For each 
M such that (Pm,<t is an isomorphism, we set := Hom(M, A) the dual of M. 

Proposition 3.4. Assume that A is noetherian and a is flat. Then for any objects M 
and N in ^M^, the ip-module Hom(M, A^) is etale, the contravariant functor 

^Uf ^ Set; T Hom^(T M, A^) 

is representable by}lom{M,N) andevM,N corresponds to idHom(A/,Af) • 

Proof. Since M and A^ are finitely generated and A is noetherian, Hom(M, A^) is also 
finitely generated. Since a is flat and M is finitely presented, the map Hom^(M, N)^'^^ — )• 
is an isomorphism ([4J, Chap. I, Sect. 2, Prop. 11). Since ipM,a- and 
(pN,<T are bijective, the (/j-module Hom(M, A^) is etale. It is clear that there exists a natural 
isomorphism Homyi(T ^ M,N) = Hom^(T, Hom(M, A^)) which is functorial in T. Then 
we can calculate that the subspaces Hom^(r (8) M,N) and Hom^(T, Hom(M, A^)) are 
corresponding with this isomorphism. The last assertion is clear. □ 

Proposition 3.5. Assume that A is a field. Then the category <I>M^ is a rigid abelian 
A"' -linear tensor category. 

Proof. By Proposition 13. 3[ <I>M^ is an abelian ^""-linear tensor category. By Proposition 
13. 4^ <I>M2 has internal homs. Therefore it is enough to show that the natural map 

0^<.IRom{Mi,N,) Hom(®ig/M,,(g)i6/A^i) 

is an isomorphism for any finite families of objects {Mi)i^j and (li)jg/, and the natural 
map 

M ^ M^^ 

is an isomorphism for any object M ([6]). These are true because A is a field. □ 
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3.2 L-triviality 



Let d be a positive integer and F <Z E d L ring extensions where F, E are fields and 
L = Y\i^z/d^i ^ finite product of fields. For each I, we sometimes consider Li as a 
subset of L in an obvious way. Let a : L —?■ L he a ring endomorphism. We assume that 
the triple {F, E, L) satisfies the following properties: 

• (t{E) C E and a{Li) C Li^i for all /, 

• F = E" = L'', 

• L is a separable extension over E. 

Such a triple {F, E, L) is called a-admissible. See Lemma 13.241 for our main example. 
Another example can be found in [lOj . 

Note that the separability of L over E is used to prove the smoothness of some algebraic 
groups (see Theorem I4.14p . and not used in this section. 

Remark 3.6. In [10], the term cj-admissible triple is defined only in the case where L is 
a field and a is an isomorphism. Thus our general setting urges us to argue with greater 
care than in [lOj at several points, and hence we decided not to avoid repeating similar 
arguments. 

In this subsection, we consider (/^-modules over {E,a\E)- For any (/^-module M over E, 
we set 

V{M) := (L (g)E MY 

where (p acts on L (K>£; M by cr ® y?. Then V{M) is an F- vector space and V forms a 
functor. We have natural maps 

iM--L®F V{M) ^ L^eM, 

LM,i ■■ Li ®F V{M) ^ Li(^eM for all /. 

Lemma 3.7. Let M he a ip-module, and let ... , fj,m € V{M). If fii, . . . , fim o,re linearly 
independent over F, then they are linearly independent over L [in L ®e M). 

Proof. Assume that the lemma is not true. Then there exist m > 1, ^i, . . . £ V{M) 
and /i, . . . , /m S L such that, /ii, . . . , /im are linearly independent over F, [fi)i ^ and 
Yli fil^i ~ 0- may assume that m is minimal among the integers which satisfy the 
above properties. We also assume that fi = {ai)i G YliLi is non-zero. Let ai^ ^ 0. 
Then there exists an element f & L such that /'/ = e/p, where ei^ G L is the element 
such that the Iq-Hi component is one and the other components are zero. Then we have 
Yli f fif^i — 0- Therefore we may assume that /i = ej^. Then we have 

d—1 m m d—1 m d—1 m d—1 

j=0 1=1 1=1 jr=0 i=l j=0 i=2 j=0 

Therefore we may assume that /i = 1. Then we have 

m m m m 

i=l i=l i=l 1=2 

By the minimality of m, we have fi ^ = F for all i. This contradicts the linear 
independence of over F. □ 
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Corollary 3.8. For any (p-module M, the maps lm and lm,i cLre injective and we have 
dimFy(M) < diuiEM. 

Proof. By Lemma 13.71 lm is injective. It is clear that lm is injective if and only if 
are injective for all I. Therefore lm,i is injective and we have an inequality dimpV{M) = 
diuiLiiLi V{M)) < diuiLiiLi ®eM) = dimijM. □ 

Definition 3.9. Let M be a finite-dimensional 99-module over E. We say that M is 
L-trivial if the map lm is an isomorphism. 

We denote by the full subcategory of ^M^; consisting of all L-trivial (/7-modules. 

Let M be a finite-dimensional (/7-module over E and m G Matr'xi(-^) its i?-basis. Then 
there exists a matrix <I> G Ma.tr xriE) such that ipm = $m. 

Proposition 3.10. The following conditions are equivalent: 

(1) M is L-trivial, 

(2) lm,i is an isomorphism for each I, 

(3) lm,i is an isomorphism for some I, 

(4) dimpViM) = dim^M, 

(5) there exists a matrix ^ G Ghr{L) such that = 

Proof. It is clear that (1) <;=^ (2) =^ (3) =^ (4). Assume that the condition (4) is true. 
Then for each /, we have dimL,(L;(g)iry(M)) = dimity (M) = dim^M = dimL,(Li(g)sM). 
Therefore lmi is an isomorphism. This means that the condition (4) implies the condition 
(2). 

Assume that the condition (1) is true. Let x be an F-basis of V{M). Since the natural 
map Lm ■ L V{M) — > L Af is an isomorphism, there exists a matrix ^ G Ghr{L) 
such that ^'x = 1 (8) m. Then we have 

(cj^')x = (cr^)(v3x) = ip{^x) = ip{l (g) m) = 1 (g) (fui = 1 (g) <I>m = ^{1 m) = <I>^x. 

By Lemma 13.71 we have = and the condition (5) is true. Conversely, assume that 
the condition (5) is true. Then we have 

V?(^'"^(l g) m)) = (cr^')"^(l (g ipm) = (^>^')"^(1 (g <I>m) = ^'"^(1 (g m). 

This means that ^'-^(l(gm) G MatrxiiV{M)). Thus we have an inequality dim^? V{M) > 
dim^; M and the condition (4) is true. □ 

Corollary 3.11. Let M be a finite- dimensional cp-module over E. If M is L-trivial then 
M is etale. 

Proof. By Proposition 13. lU] there exists a matrix ^ G GLr(L) such that = Since 
a is injective, we have det <I> = o"(det det ^'"^ 7^ 0. □ 

Let M be an L-trivial ip-module over LJ, m G Matrxi(Af) an -B-basis of M and 
$ G GLr{E) a matrix such that ipm = $m. By Proposition 13.101 there exists a matrix 
^ G GLr(L) such that = 
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Definition 3.12. The matrix ^' is called a period matrix of M in L or fundamental matrix 
of <I>, and the entries of ^ are called periods of M in L. 

Note that € GLr(L) is another fundamental matrix of ^ if and only if = 
"^6 for some (5 G GU(F). Indeed, if cr(^'') = ^>^'' then = = 

(<|)\I/)-i(<|)\I/') = qi'^^'^ hence ^~~^^>' G GL,.(L'^) = GLr(F), and the converse is clear. 

Proposition 3.13. The period matrix ^ of M is well- defined from M as an element of 

GLr{E)\GLr{L)/GLr{F). 

Proof Let m' G Mat^xi(M) be another E-basis of M, G GL,.(£;) and ^' G GU(L) 
matrices such that fm' = <I>'m' and a^' = . There exists a matrix A G Ghr{E) which 
satisfies m' = vim. Then we have 99m' = ip{Am) = a{A)ipm = a{A)^m = a{A)^A~^m' . 
Thus = a{A)^A-'^. We also have cr(^*) = a{A)a{'i!) = a{A)^^ = ^>'(^^'). Hence 
we conclude that ^' e A^ ■ GLr(F). □ 

Proposition 3.14. The set of entries of^~^{l ® m) forms an F-basis ofV{M). 

Proof By the proof of Proposition 13.101 we have that (g) m) G Matrxi(^(^))- 

Since dimi? V{A'I) = dim^; M = r, this is an F-basis of V{M). □ 

Proposition 3.15. The ip-module {E,a) is L-trivial. 

Proof We have equalities V{E) = {L(^e E^ = L" = F. Therefore d\m.FV{E) = 1 = 
d\m.EE. □ 

Proposition 3.16. Let M and N be L-trivial ip-modules. Then M ® N , M ® N and 
Hom(M, N) are also L-trivial. 

Proof. Let m G Matrxi(-E') be an i5^-basis of M, G Gljr{E) the matrix such that 
ipm = <I>Afm and m G GLj.(L) a matrix which satisfies cr^'Af = ^M^M- We also set 
n G Matsxi(-£') an -E-basis of N and G GLs(£'), ^'at G GLs(L) matrices which satisfy 
ipn = <I>7vn and cj^at = ^n'^ N- We set 



m © n := 



m 

n 









and © 



■ 





Then it is clear that m © n is an i?-basis of M © A^, (p{m © n) = {^m ® ^n){'^ © n) and 
cj(^'Af © ^'at) = (^Af © ^Af)(^Af © ^Af)- Therefore M © iV is L-trivial. 

Set m (81 n to be an i?-basis oi M ®N naturally obtained from m and n. Let ^m^^n 
be the Kronecker product of $Af and ^a^, and ^ m ® N be the Kronecker product of 
^'a^ and ^N- Then it is clear that if{ra © n) = (<I>Af © <l>Ar)(m (g) n) and a{^M ®^n) = 
{(^M © ^n){^m © ^n)- Therefore M TV is L-trivial. 



Let be the dual basis of m for M^. Then we have equalities iprn^ = (<I> •})*''m^ 



and (t(^'^/)*'' = (<1*a/)*''(^'a/ )*^ where A^^ is the transpose of a matrix A. Therefore 
is L-trivial. Since <I>M^ is a rigid tensor category, we have an isomorphism N = 
Hom(M,iV). Therefore Hom(M, TV) is L-trivial. □ 

Proposition 3.17. Let ^ M' — > M — > M" be an exact sequence in <I>M^. If M is 
L-trivial, then M' and M" are also L-trivial. 
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Proof. Let k : L^fV{M) L^fV{M") be the natural map and l" : im{K) L^eM" 
be the restriction of the map cm" ■ Then we have the commutative diagram 

^ L®F V{M') ^ L(^F V{M) ^ im(K) ^ 

I'M 

^L(g)E M' ^L®eM ^L(^E M" ^0, 

where the rows are exact, lm is an isomorphism and lm'^i^" are injective. Then we have 
that lm' and t" are isomorphism by a diagram chasing. Hence M' and M" are L-trivial. □ 

Proposition 3.18. The category is a rigid abelian F -linear tensor category. 

Proof. By Proposition 13.51 and Corollary 13. IH it is enough to show that the category 
<I>M^ is closed under direct sum, subquotient, tensor product and internal horn, and has 
an identity object for the tensor product. By Propositions 13.151 13.161 and 13.171 these are 
true. □ 

By Corollary 13.81 we can consider V as a functor from <^M^ to the category of finite- 
dimensional vector spaces Vec(F). 

Proposition 3.19. The functor V : — )• Vec(i<') is F -linear and exact. 

Proof. It is clear that V is F-linear. Let — )• M' — )• M — )• M" ^ be an exact sequence 
in ^>M|. It is clear that V{M') V{M) V{M) is exact. This means that 
dimFV{M) < dimFV{M') + dimi;'y(M"). On the other hand, we have dimi;'F(M) = 
dims M = diiRE M' + dim^ M" > dim^ V{M') + dim^ V{M"). □ 

Proposition 3.20. The functor V : Vec(F) is faithful. 

Proof. Let M and N be L-trivial (/9-modules and cf) : M N a morphism in ^Mg. Then 
we have an exact sequence 

^ V{ker <j)) ^ V{M) V{N). 

Therefore if V{(p) = then y(ker 0) = V{M). Since M is L-trivial, we have an inequality 
dim£;ker(/> > dim^T^ y(ker </>) = dimi;'y(M) = dim^jM. This means that ker</> = M and 
(/) = 0. □ 

Proposition 3.21. Let M and N he L-trivial ip-modules. Then there exists a natural 
isomorphism V{M)(^fV{N) V{M®N). The functor V : Vec(F) is a tensor 

functor with respect to this isomorphism. 

Proof. It is clear that there exists a natural isomorphism {L(S)e M) <S>l {L®e — L(S)e 
{M N) which preserves (/^-actions. By Lemma l3.7t the natural map V{M) ®f ^i^) ~^ 
{L ®E M) ®L {L ®E is injective. Therefore we have a natural injection 

V{M) (g)F V{N) ^ ((L M) (L ^E N))'^ ^{L0e{M(S) N))'^ = V{M ® A^). 

Since dimF{V{M) (8)f ^(-^)) = dim^? V{M N), this map is a bijection. It is clear that 
this isomorphism is compatible with the associativity and the commutativity of tensor 
functors. It is also clear that V{E) = F. Thus the functor y is a tensor functor ([6], 
Definition 1.8). □ 
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Recall that a neutral Tannakian category over a field A; is a rigid abelian /c-linear tensor 
category C for which k — > End(l) and there exists an exact faithful fc-linear tensor functor 
u; : C — 7- Vec(A;), where 1 is the unit object of C ([6], Definition 2.19). Any such functor u 
is said to be a fiber functor for C. 

Theorem 3.22. The category <&M^ is a neutral Tannakian category over F. The functor 
V : ^ Vec(F) is a fiber functor for $M^. 

Proof. By Proposition l3.21 we have End(^(-E) = E'^ = F. By Proposition l3.18l the category 
<I>M^ is a rigid abelian F-linear tensor category. By Propositions 13.191 13.201 and 13. 2H the 
functor V : ^>M| Vec(F) is an exact faithful F-linear tensor functor. □ 

Let M be an L-trivial (/^-module over E. We set 7m to be the Tannakian subcategory 
of generated by M, and Vm '■ Tm — >■ Vec(F) the restriction of the functor V. We 

denote by Tm the Tannakian Galois group of {Tm,Vm)- For any F-algebra R, we define 
the functor V^j : Tm ^ Mod(i?) by N R^p V{N), where Mod{R) is the category of 
finitely generated i?-modules. Then by the definition of Pa/, we have 

FMiR) = Aut^(y^) 

where Aut®(V^) is the group of invertible natural transformations from to itself 
which is compatible with the tensor products. Therefore we have a canonical injection 
Tm{R)^GL{R 0fV{M)). 

3.3 w-adic case 

Let t be a variable and v € Fq[t] a fixed monic irreducible polynomial of degree d. For any 
field k containing Fg, we set k[t]v := lim(/c[t]/v"') and k{t)y := ¥q{t) ^f,!*] k[t]v- 
Let a be the ring endomorphism of k[t] 

Then a naturally extends to an endomorphism of k{t)y, also denoted by a. Let k' be a 
splitting field of u over k in k, and we factorize v = n«ez/d(*~'^0 ™ ^'M with = A^+i for 
all I £ Z/d. Then we have k'{t)v = Yli^^/^ k'{{t — A;)), and for any a = {J2i — My)i € 
k {t)ii, 

a{a) = {J2aU^,{t-Xiy)i. 

Lemma 3.23. For any field k containing ¥q, we have {k{t)y)'^ = Fg(t)„. 

Proof Clearly, ¥q{t)y = (Fg(t)^)'^ C {kit)^^ C (A:'(t)„)'^. By the explicit description of 
the (T-action as above, we have {k'{t)yY = ~ ^iY)i ^ Fgd(t)t,|a^. = a^+i^j for all 

/ and i}. This set is isomorphic to Fgd((t — A;)) via the /-th projection for any /. On the 
other hand, we have Fq(t)t, = Fgd((t — A;)). Thus the above inclusions are all equalities. □ 

Fix a field K containing Fg and assume that K f}¥q = Fg. Note that if F^ is not 
algebraically closed in then K{t)y may not be a field and the situation becomes more 
complicated. Thus in this paper, we always assume that K r\¥q= F^. 

Lemma 3.24. The triple (Fq{t)j;, K{t)y, K^'^P{t)v) is a -admissible. 
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Proof. Since v is irreducible in K[t], K(t)^ is a field. By Lemma 13.231 we have ¥q{t)y = 
{K{t)y)'^ = {K^^P{t)y)'^ . We need to check the separability. Fix an /. We need to show 
that K^'^^{{t — \i))/K{t)y is a separable field extension. It is clear that -fC(t)^ = K'{{t — \i)) 
where K' = K{\i). On the other hand, K'''''P{{t-\i)) / K' {{t-\i)) is separable since K'-'^'^/K' 
is separable ([3, Exercise 26.2). □ 

Let Gk ■= Ga\{K'"''^ / K) be the absolute Galois group of K. Then Gk acts on K^'^'^lt] 
in an obvious way. This action naturally extends to an action on K^'^^{t)v. For each 
r G and a = ai^iit - Xiy)i G Hi ^"^((i " Az)), we have 



where n G Z/d is an element such that rjp ^ = (^If"- is clear that this action is 

q qd 

compatible with a. 

Prom now on, we consider 99-modules over the fi-admissible triple (Fg(t)„, K(t)v, 
K^^'P{t)v)- Let M be an etale 93-module over K{t)y. The Galois group Gk acts on 
K^^P{t)v (8) M continuously by r (8) id for each r G G^c- Since this action is compati- 
ble with a, the Fg(t)„-subspace V{M) is G/^'-stable. We denote by Vft-(M) this Galois 
representation. Conversely for any object V of Rep(Gi<-, Fg(t)^), we set 

where Gk acts on ®Yq{t)^ F by r r for r G Gi<:. Then we can define a 99-action 

on D{V) by (T (g) id. 

Let Mq be an etale 99-module over Then we can define an Fq[t]t,-representation 

of Gk 

Vo{Mo) := {K'^P[tl(^K[tU,Mor, 

where ip acts on '^K[t]^ by o" (8) 92 and Gk acts on Vo(Mo) by r (g) id for r G G/^ . 

Conversely for any object T of Rep(Gft:, Fg[t]^), we set 



where G/^ acts on i^''^'^P[t]„ ®Fq[t]v T hy t ^ t for r G Gi^. Then we can define a (^-action 
on Do{T) by (g)id. 

Theorem 3.25 ([8j, Appendix). (1) For any etale ip-module Mq over K[t]y, the natural 
map 

^^'PW. ^o(Mo) ^ K^'nt]v ^Klt]. Mo 

is bijective. 

(2) For any ¥q[t]jj[GK]-'module T of finite type over¥q[t]y, the natural map 
K'^'^itl ^K[t]. Do{T) ^ K'^P[t], ®F,M„ T 
is bijective and the (p-module Dq(T) is etale. 



(3) The functor Vq : ^M^j^j Rep (Gi^, Fq[t]„) is a tensor equivalence, with a quasi- 
erse Dq : Rep(Gi^, Fg[t],) ^ ^M^^^j^j^. 

For any (/^-module Mq over we can define a (^-action on K{t).u ®K[t]y -^0 hy a®ip. 



11 



Theorem 3.26. (1) A ip-module M over K{t)^ is K^'^^{t)y -trivial if and only if there exists 
a subspace Mq of M which is an etale (p-module over K[t]^ such that M = K{t)v(S)K[t]v^o- 

(2) For any object V in Rep(Gi^ , Fq(t)^), the (p-module D{V) is K^^^{t)^-trivial. 

(3) The functor V : ^M^^^^^^'^" ^ Rep(Gi^, Fg(t)^) is a tensor equivalence, with a 

quasi-inverse D : Rep(Gi<:, F,(t)„) $mJ"^^^^*^". 

Proof. Let M be a (/^-module over K{t)^ such that there exists a subspace Mq which is 
an etale (/^-module over K[t\y and M = K{t)y ®K[t]v -^o- Then by Theorem 13.251 (1), we 
have an isomorphism i^^^P[t]„ ®Vq[t]^ Vb(Mo) = K^'''^[t\^ ®K[t]^ ^o- By tensoring K^^^it)^ 
to the both sides of this isomorphism, we conclude that M is /C''''P(t)t,-trivial. 

Let V be an object in Rep(Gx, Fg(t)t,). Then there exists a G/^r-stable Fg[t]i,-lattice T 
for V. It is clear that Dq{T) is free over K[t\, and D{V) = K{t)^(g)K[t],Do{T). Thus D{V) 
is i^^®P(i)t,-trivial from the above argument and this proves (2). By Theorem 13.251 (2) . we 
have an isomorphism K^'^^{t)y ®K{t)^ D{V) = K^^^{t)y ®^ (()^ V. By taking the (/9-fixed 
parts of the both sides of this isomorphism, we have an isomorphism Vk{D{V)) = V . 

Let M be a i<''^''P(i)t,-trivial (/^-module over K{t)y. Then we have an isomorphism 
K'"'P{t)y <^F,(t)„ Vk{M) ^ K'^P(t)„ (S>K(t), M. By taking the G/^-fixed parts of the both 
sides of this isomorphism, we have an isomorphism D{yK{M)) = M, and this proves (3). 
Therefore M comes from etale (/9-module over K[t]y and this proves (1). □ 

4 Frobenius equations 

Throughout this section, we fix a cr-admissible triple (F,E,L). 

Example 4.1. The case {F,E,L) = {¥q{t)y,K{t)y,K^^^{t)y) is our main example of a 
cj-admissible triple, where the notation and the cr-action are as in Subsection 13.31 

Example 4.2. Let {F,E,L) = {¥g{t)y, K''''^{t)y, K{t)y) where K'^'^ := U^K^/'?", the 
maximal radical extension of K in K. The automorphism of K'^^'^{t) 

i i 

is naturally extends to an automorphism of K{t)y. We define a to be this action. Then 
{¥g{t\,K'-\t\,K{t) I,) is a (T-admissible triple. Note that, in this case we need to put 
Li = Kilt — A„;)). Note also that we do not use this type in this paper. However, the 
cj-action of this type is used in [10] and [5]. 

4.1 The group F 

Let r be a positive integer. Fix matrices $ = {^ij) £ GLr{E) and ^' = G GL,.(L) 

such that ^' is a fundamental matrix for Thus we have an equation 

a{^)) = 

This means that the matrices <I> and ^ come from an L-trivial (/^-module over E. Since 
L = YliLi, we can write ^'jj = for each i and j. We set := G Ghr[Li). 

Then we have cf{^i) = <l'^'/+i for all I. 
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Let X := (Xij) be an r x r matrix of independent variables Xij, and set A := 
det(X). We set E[X,A-^] := E[Xu,Xi2, ■ ■ ■ ,Xrr, A'^]. Similarly E[^,A{^)-'^] and 
E[^l, A{'^l)~^] are defined. Wc define iiJ-algebra homomorphisms v : E[X,A~^] — ?> 
L; Xij ^ and i// : E[X,A-^] Lf, Xij ^ ^^7. Set p := kciu, S := A(*)-i] ^ 
E[X,A-^]/p, Z := Specs, := kerz/;, := E[i>i, A{^i)-'] ^ E[X,A-']/pi and 
Zi := SpecS/. Then Zi are closed subschemes of Z and Z = U^Z;. Let A := Prac(S) 
and A/ := Frac(S;), the total rings of fractions. 

Set ^1 := {"^ij ■■= (1 (8) and $ =J$ij)jj := in GL^(L (g)ij L). 

Since L0eL = J];,™ '^^ Lm, we can write 'I'jj = {^ijim)i,m with ^fij^m G Li (g)E Lm for 
each i and j. We define -F-algebra homomorphisms : A~^] — ?> L ®e L; X^j 1— ?> 
and : A-^] U ®e L^] X^j ^ ^ijim- Set q := ker/x, T := SpecF[X, A^^J/q, 
q^OT := ker iiijn and := Spec A~^]/q;^. Then F/^ are closed subschemes of F 
and F = Ui^m^im- By the next lemma, we can set q^ := qo,m = qi,m+i = • • • and 

1^0, m — Li — • • • . 

Lemma 4.3. For any I, me Z/d, we have c\im = qi+i,m+i = (\l+2,m+2 = ■■■ ■ 

Proof. Let L be the inductive limit of the inductive system L ^ L ^ L ^ ■ ■ ■ , where 
the transition maps are a. Then L is a subring of L and a is naturally extends to an 
automorphism of L. We can define a a-action on L by a ® u. This is an isomorphism 
and L <^E L is stable under this action. Thus we obtain an injective endomorphism a of 

L®E L. It is clear that a{Li (^e -^m) C L^+i (^e Lm+i- 

Write = i^i,im)l,m and ^'2 = {^2,lm)l,m with ^i^im G GLr{Li (g)E Lm), and set 
^(im) ._ (^^j-jj^^'j-j g Ghr{Li 0E Lm) for each / and m. Then we obtain the equal- 

ity = ai^i,im)-^ai^2,im) = i'^'^i,l+i,m+i)-\'^^2,i+i,m+i) = $('+1'"*+!). For 

any h{X) G F[X,A-i], we have = if and only if = since 

= and a is injective on L (g)^ L. This proves the lemma. □ 

For any h{X) G L[X, A~^], we denote by h'^{X) the polynomial obtained by applying 
a to the coefficients of h{X). We define two endomorphisms 

do : L[A:, A"^] ^ L[X, A"^]; h{X) ^ h^iX), 

ax : L[X, A"^] ^ L[X, A"^]: ^ /7,^($A:). 

Then ao(L,[X, A-i]) C Li+i[X,A-i] and ai(LaX,A-i]) C L,+i[X, A"!]. 

Lemma 4.4. VFe have crip C p, dip/ C p/+i, (Joq = q, cJoqm = q^, cri^ = y<y\\E\xA-^\ "''"'^ 
avi = i^i+icti\e[x,a-^] for each I and m. 

Proof. For any h{X) G E[X,A~^], we have zy/+i((Ji(/i(X))) = {aih){^i+i) = = 
/i'^(f7^/) = a{h{^i)) = a{ui{h{X))). If /i G P;, then {aih){^i+i) = a{h{^i)) = 0, and 
hence aih G pi+i- Since q/ C A~^] and cro\p^x,A-''-] = id, we have aoq; = q;. The 
other assertions are proved similarly. □ 

For any ring homomorphism R ^ S and any ideal a C A~^], we set := 

• S[X, A~^], the extension ideal of a. 

Lemma 4.5. There exists a bijection between the set of ideals of F[X, A~^] and the set 
of ideals of L[X,A~^] which are ao-stable, via the extension and the restriction of ideals. 
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Proof. For any ideal a C F[X,A it is clear that agai C ai,. Because of the faithfully 
flatness of the inclusion F[X, A'^] L[X, A'^], we have o = n F[X, A'^]. 

Conversely, we take any ideal b C L[X, A~^] with agb C b, and set a := bnF[X, A~^]. 
It is clear that b D o^; thus we need to show that the converse inclusion b C o^. 

Take an F-basis {gi)i£i of F[X, A~^]. Then this is an L-basis of L[X, A~^]. For each 
h = Y,ibi9i ^ we set supp(/i) := {i G I\bi 7^ 0} and l{h) := #supp(/t). We 

take /i G b and show that /i G ol by induction on l{h). If l{h) = 0, then /i = G ai,. Now 
suppose that l{h) > 0, and assume that if /i G b and l{h) < l{h) then /i G a^. Let ei ^ L 
be the element such that the ^-th component is one and the other components are all zero. 
Then it is clear that aei = e^+i. We write h = hiQi and take i\ such that bi^ ^ 0. Take 
Iq such that the ^o-th component of is non-zero. Then there exists an element b' E L 
such that = e/p. Since b is an ideal and ao-stable, we have 

d-1 d-1 d-1 

b 3 Yl ^oib'h) = Yl <iP' Y b^g^) = E E ^'ib'b^)9^ =■ ^ =■ h' , 
j=0 j=0 i i j=0 i 

Ci^ = J2j = 1 ^-nd supp(/i') C supp(/i). Therefore h — bi^h! G b and l{h — h^h') < 

l{h). By induction hypothesis, we have h — bi^h! G a^. Hence it is enough to show that 
h' G Ol. If q G F for all i, then /i' G b fl F[X, A~^] = a C az,. If #Li < 3 for some (hence 
for all) we can write the a action on L by {xi)i ^ Hence Ci E F for all i. Thus 

we assume that Ci^ e L ^ F for some 12 and > 4 for all I. 

We claim that, we can construct an element h = 0,5^ G which has the properties 
that supp(/i) C supp(/i') and Oj^^ = 1. Wc first show that the claim implies h' G o^. Since 
h' — h e b and l{h' — h)< l{h') < l{h), we have /i' — /i G Ol by induction hypothesis. Thus 
we have h' G Ol since /i G Ol- 

Now we prove the claim. First, we construct an element h = Qigi G b which has the 
properties that supp(/i) C supp(/7/), = 1, G and a{a~^^) — a^^ G . If d = 1, 
then we can take h = h' since L is a field and a{c^^'^) — 7^ 0. Thus we suppose that 
d >2. Since Ci^ = {ci^^iji F, there exists an Iq such that aci^^i^^i / Ci^,io- Thus there is 
an element c' E L such that diaci^ ~ ^2) = ^h- We set 

d-1 d-1 
j i j=0 j=0 

Then wc have = 0, = 1 and supp{h") C supp(/i'). For / = G L, consider 
the element h := h' - fh" = gi^ + {ci.^j - fi)igi2 + • • • G b. For any x = {xi)i G L^, 
ax~^ — x~^ G L'^ if and only if axi / x^+i for all /. Therefore, it is enough to take an 
element / such that Ci^^i ^ fi and a{ci^^i-i - fi^i) ^ Ci^^i - fi for aU I. Since #L/ > 4, we 
can take inductively so that /i G Li \ {ci^,i}, G L/ \ {qj,/, Ci^^i - (T{ci^,i^i - fi-i)} 
for 2 < / < dand/d G L^x ({Q2,d, Ci2,d-o-(ci2,d-i -/d-i)}Uc7"^^(T(ci2,<i)-Ci2,i + /i)). Then 
such {fi)i satisfies the above properties. Next, we show that h G ttL. Since ctq/i — h E b 
and l{aoh — h) < 1(h) < 1(h), we have uoh — h G Ol by induction hypothesis. Similarly, we 
can show that (TQ(a~^h) — a~^h G oz,. Therefore we have (a(a'^^) — a^^^)h = (ao(a^^^h) — 
aj^h) - a(a^^)(aoh -h)e ai- Since (o"(a^^) - a^:^^) G L^, we have h E O-l- □ 

Lemma 4.6. The map bi ^ (bi)i is a bijection between the set of ideals of L[X,A~^] 
which are a^-stable, and the set of families (bi)i where bi is an ideal of Li[X,A~^] and 
aobi C bi+i for all I. 
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Proof. This is clear. □ 

Lemma 4.7. For each I, we give an ideal bi C L;[X, A~-^] such that uob; C b^+i. Then 
the restriction bi H F[X, A^^] is independent of I. The same is also true if we replace Li 
by ^i- 

Proof. We only prove the case of Li. Let t be the natural injection F[X, A^^] ^ L[X, A^^] 
and TTi the natural projection L[X,A^^] Li[X, A^^] for each /. For each /, uo induces 
a morphism Li[X, A^^] — )• Ll-^-l[X, A^^]; we also denote this by do. Then we have an 
equality vr;+ii = UQirii. For any /i € b; PI F[X,A~^] = {'i:ii)~^bu we have 7ri+i(i(/i)) = 
<7o(7r/(/.(/i))) € aobi C bi+i. Hence h G (7ri+it)^^b;+i = b^+i nF[X, A~^]. Therefore we 
obtain bi n F[X, A~^] C b^+i fl F[X, A^^\. Since the index set Z/d is a finite cyclic group, 
this inclusion is an equality. □ 

For any ring R, we denote by GLj-jji the i?-group scheme of r x r invertible matrices. 

Proposition 4.8. (1) Let (j) : GL^.^^ be the morphism of affine L-schemes defined 

by u ^ "^^"^u for any L-algebra S and any S -valued point u G Z{S). Then (j) factors 
through an isomorphism (j)' : Zl Tl of affine L-schemes. 

(2) For any I and m, let (pim '■ Zm,Li GL^/l^ be the morphism of affine Li-schemes 
defined by u ^ ^i"^"" /"'^ ^'^J/ Li-algebra S and any S -valued point u G Z^ni^S). Then (pim 
factors through an isomorphism 4>'i^ : Zm,Li ^m-i,Li of affine Li-schemes. 





^m—l,Li 

Proof. We prove only (2). Then (1) can be proved by the same argument. We define two 
L;-aIgebra homomorphisms: 

(4.1) ar.Li[X,A-^]^Li[X,A-^]; X^^^^X, 

(4.2) ai^ : Li[X, A'^] ^ Li[X, A'^] ^ Li[X, A-i]/pm,L, = U E[X, A-^Pm- 

Then corresponds to aim on the level of coordinate rings. Thus it is enough to show 

that pm,Li = (\m-l,Lr 

For any h{X) G Li[X, A"^], we have 

aiaih = ai{h{^^^X)) = h'' {{a^^^)<^X) = /i"(^r+i^) = ai+ih^'iX) = ai+ia^h. 
Therefore we have 

Since uipm C pm+i by Lemma we have an inclusion OQaJ^pm^Li ~ Q^;^\o"ipm,L; C 
aY^iPra+iM+i- Replacing m by m + we obtain aoal^prn+iM C al^^Pm+i+iM+i- We 
consider the family of ideals {a^^prn+i,Li)i- Then for each I and m, we have {aJ^pm+i,Li H 
F[X, A^^])^ = a~[^prn+i,Li by Lemmas 14.51 14.61 and 14.71 Again, replacing m by m — /, we 
obtain an equality {aJ^prn,Li n F[X, A^^])li = o^^prnM- 
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We consider Li ®e Lm as an L^-algebra via / i— )• / (?> 1, and define an L^-algebra 
homomorphism Jl : Li[X, A"^] Li 0e Lm] Xij ^ 1® ^ijm- Then = o ai\p[x,A-^ 
and the map 

Li[X, A~i] ^ Li[X, A-'^]/pmM = Li E[X, A^^Pm Li ®e 

coincides with Ji. Therefore, 

(\m-i = %m = ker/i;^^ = a/|^j^^^_ij(ker/i) = a^"^pm,L, r\F[X,A'^]. 

Thus we have (\m-i,Li = [aT^PrnM n F[X, A"1])l; = a'l^^pmM- ^ 

Lemma 4.9. (1) The ideal p C A^"*^] is maximal among the proper ai-invariant 

ideals. 

(2) The family of ideals (pi)i is maximal among the families of proper ideals {mi)i of 
E[X, A^^] which satisfies aixni C m^+i for all I. 

Proof. We prove only (2). Then (1) can be proved by the same argument. Let (m/); 
be a family of proper ideals of A~^] such that p; C m; and dim/ C mi+i for all I. 
Let ai be the homomorphism (j4.ip . We consider the family of ideals {ce^^mi^L^)i. Since 
aoa^^mi^Li = ai+\o-imi,L, C a^_l^mi+i^Li+i, we can apply Lemma gj] to (aj"^m/,L,)i. Then 
<^r^^i,Li n -F[X, A~^] is independent of /, and we take a maximal ideal o C -F[X, A"-*^] 
which contains this ideal. We also have {af^mi^Li E[X, A~^])li^ = af^mi^ii by Lemmas 
1131 IMl and 1121 Thus we obtain an inclusion a^^mi^n C aL,. We put M := F[X,A^'^]/a 
and define a morphism 

TTi : E[X, A-i] ^ Li[X, A-i] — > Li[X, A'^] Li[X, A-^]/aL, Li 0f M, 

a J Pi Pi 

where pi is the natural projection and /3/ : Li[X, A^^/aij = Li®fF[X, A^-'^]/a = Li^pM. 
Then we have C ker vr/ . 

We define a tr-action on L (8)i;' M by o" id. In GLr(Li+i (8>_f M), we have 

ainiiX)) = ampi{al\X)))) = A+i(pm(^o(ar'(^)))) = A+i(Pm(«r+i(^i W))) 
= ni+i{ai{X)) = ni+i{^X) = ^^i+i{X). 

Set tt{X) := {tti{X))i € GL^(L ®f M). Then we have (t{tt{X)) = <^tt{X). Since (L ®f 
M)'^ = M, we obtain 5 := Tr{X)-^^ € GLri{L (g)F M^) = GLr(Af). We define a ^-action 
on M)[X, A-i] by (5 • h{X) := h{X5). We extend tti to 

TT; : (£; Oi. M) [X, A"^] = A"^] Oi. M > Li(S)fM. 

Then we have piC^JiT'M C m^^i^M C kervr^' = 5-ker(fi(8)idM) = S-{Pi^fM), where the first 
equality is proved as follows: For any h{X) e {E iSif M)[X, A"^], (f/ (g) [dM)ih{X5~^)) = 
h{^l^-'^TT{X)) = h{TTi{X)) = TT'i{h{X)). Thus h G kervT;' is equivalent to (5"^ • /i € 
ker(t'/ (g) idM)- Since {E (S>f M)[X,A^'^] is a noetherian ring, p; (g^ ^ C 5 • {pi <S)f M) 
implies pi iS>f M = S ■ {pi ®f M). Therefore we have p; (gj? M = mi ®f M. Since 
{E (^F M)[X, A~^] is faithfully flat over E[X, A"^], we have pi = mi. □ 
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Lemma 4.10. (1) Let b C T,[X,A ^] be an ideal which is aQ-invariant. Then we have 

b = (bnF[x,A-i])E. 

(2) Let bi C A^"*^] be ideals which satisfy aobi C b/+i for all I. Then we have 

bi = (b;nF[X,A-i])s,. 

Proof. We prove only (2). Then (1) can be proved by the same argument. Set a := 
bi r\F[X, A~^], which is independent of / by Lemma HTTl Suppose that 0^,^ C bi^ for some 
^0- Let {gi)i£i be an F-basis of F[X, A~^] such that / = /i 11 and a = (Biei^Fgi. Then 
we have 

Since ag,^ C b/^, we can take a minimal finite set J C /i so that bi^ n (©jgjSif,(7j) ^ 0. By 
the injectivity of uq and the inclusion fTo(b/ fl ®i^jTjig.i) C b/+i fl ©jgjSi+i(7j, J has the 
same properties for all I. We fix j G J and consider the ideal of = E[X, A~-'^]/p/: 

:= {6 € S^I there exists ^^^if/i € b/ n (©igjU^^j) such that hj = 6}. 

iGJ 

Then ra/ is a non-zero ideal by the minimality of J, and it is clear that ami C m/+i. By 
Lemma we have avi = i^i+i(yi\E[xA~'^V Hence we can apply Lemma WM to the inverse 
image of (m;)/ in A~^]. Therefore we have m; = S;. Thus for each /, there exists 
an element hi = YlieJ^ndi ^ bir\ {®i<^.j'^igi) such that hij = 1. Then we have b^+i 3 
aohi - hi+i = ^i^j\^j}{crbii - bi+i^i)gi. By the minimality of J, abu = bi+i-i for all i and /. 
We put bi := {bii)i € S^. Then we have abi = {abi_i^i)i = {bii)i = bi. Hence h e F and 
bii G F via the l-ih. projection. Then Q ^ hi = Y,i(zj higi e b/nF[X, A"^] = a = ^iei^Fgi. 
This contradicts J fl /q = 0. □ 

Proposition 4.11. (1) Let ^ : Z Z Z xe Ghj./E be the morphism of affine E- 
schemes defined by (n, v) (n, u~^v) for any E-algebra S and any S -valued point (u, v) € 
Z{S) X Z{S). Then tp factors through an isomorphism ip': ZxeZ^Zxe of affine 
E-schemes. 

(2) For any I and m, let ipim ■ Zi x eZi^^ Zix eGIj^/e be the morphism of affine E- 
schemes defined by (n, v) ^ (n, u~^v) for any E-algebra S and any S -valued point {u, v) G 
Zi{S) X Zi^m{S). Then ip factors through an isomorphism Tp'^^ : Zi x EZi+m ZiX E^m,E 
of affine E-schemes. 

ZxZ ^ZX(jUr/£; ZiXZi^ra ^^iX^s^Vj^jE 

, ^ natural i/jf , , ^^^natural 

ZxTe ZixT^^E 

Proof. We prove only (2). Then (1) can be proved by the same argument. Let ai 
and aim be the homomorphisms ()4.ip and (j4.2p . We restrict the domain of aim to 
T.i[X, A-i] ^ E[X, A-i]/p; ®eE[X, A-1] and the target of aim to T.i®eE[X, A-i]/p™ ^ 
I^~^]/Pi®eE{X, A~^]/pm- Then ipim corresponds to ai^i^m on the level of coordinate 
rings. Hence it is enough to show that af^pm+l,'Ei = c|m,Sr 

Since we have an inclusion aoaY^pm+i,Y:i = a/+\o-iPm+/,s, C a'['_^^pm+i+i,Y:i+i, the ideal 
Om := a;~^pm+«,Si H F[X,A~^] is independent of / by Lemma 14.71 and we can apply 
LemmaOnito (a^^^pm+z.sj/- Then we have Q;;"^pm+i,E, = (ar^Pm+/,s, nF[X, A-i])s, = 
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flm.S; • On the other hand we have Pm+i,Li = Im.L; by Proposition 14.81 Therefore 

(\m,Li = 0:^^pm+l,Li = Ol^^ {{pm+l,T.i) Li) = (a^^Pm+^Ei )l, = (cim,S()L( = <^m,Lr Then 

we have c\rn = dm since L;[X, A^^] is faithfuhy flat over F[X, A'~'^]. Thus we obtain 

The next lemma is proved by an elementary argument. Thus we omit the proof. This 
lemma is applied to the S- valued points of the diagrams in Proposition 14.111 where S is 
an £'-algebra. 

Lemma 4.12. (1) Let G be a group, A and B he non-empty subsets of G such that the 
map 

Tp : A X A ^ A X G; {u,v) {u, u~^v) 

factors through a bijection tp' : A x A ^ A x B . Then B is a subgroup of G, A is stable 
under right-multiplication by elements of B and A becomes a B-torsor. 

(2) Let G be a group, Ai and B^ be non-empty subsets of G such that the map 

tplm ■■ Ai X Ai+rn Ai X G] {u,v) ^ {u,U~'^v) 

factors through a bijection ip[^ : Ai x Ai^^ ^ ^/ x Bm for each I and m. Then Bq is a 
subgroup of G, Ai is stable under right-multiplication by elements of Bq and Ai becomes 
a Bo-torsor for each I. Moreover, for any u (z Ai and v € Ai^^ there exists an element 
y € Bm such that v = uy. The multiplication in G induces maps Ai x Bm Ai^m o^nd 
Bm X Bm' — ^ Bm+m'; o^'^d the inversion in G induces a map Bm B-m- 

By Proposition 14. Ill and Lemma 14.121 we have surjective maps 

(4.3) Zi{S) X Zi+m{S) ^ r„(S); (n, v) ^ u-\, 

(4.4) Zi{S) X Tm{S) ^ Zi+m{S); {x, y) ^ xy 

for any £'-algebra S. 

Theorem 4.13. (1) The F-scheme T is a closed F-subgroup scheme of GL^/f, the E- 
scheme Z is stable under right multiplication by Te and is a T E-torsor. 

(2) The F-scheme Tq is a closed F-subgroup schemes of GLr/p, the E-scheme Zi is 
stable under right multiplication by Tq^e oind is a To^E-torsor for each I. 

(3) The F-scheme Tm is stable under right and left multiplications by Fq and is a 
To-torsor for each m. 

Proof. We prove only (2). Then (1) and (3) can be proved by the same argument. By 
Proposition 14. Ill we have a bijection Zi{S) x Zi^m{S) — > Zi{S) x Tm{S); (n, v) i-^ {u, u~^v) 
for any S-algebra S. Since Zi{S) is non-empty, Lemma l4. 121 implies that Tq ^ is a closed 
subgroup scheme of GL^^^ and g is a Pg g'torsor. Therefore Fq is a closed subgroup 
scheme of GLj./f by the faithfully flatness of the inclusion F ^ E. Similarly, Zi is a 
Fq, E-torsor by the faithfully flatness of the inclusion E ^ E. □ 

Theorem 4.14. (a) The E -schemes Z and Zi are smooth. 
(6) The F-schemes F and Tm are smooth. 

(c) Lf E is algebraically closed in the fraction field ofT,i^^ for some Iq, then Zi and 
Vm are absolutely irreducible. 

(d) dimP = dimFf„ = tr.deg^; A;. 
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Proof, (a), (6) Since Li/E is a separable extension, A/£^ is also a separable extension, 
where A = Frac(S) the total ring of fractions of S. Thus for any field extension il/E, 
A (g)£; O is reduced. Therefore S (g)^; is reduced and Z = SpecS is absolutely reduced. 
Since Tg; = Z^, F is absolutely reduced. Since T is an algebraic group, the property that 
r is absolutely reduced implies that F is smooth. Again since F^; = Z^, we have that Z 
is smooth. The statements of Zi and F^ are proved similarly. 

(c) For any field extension Q/E, Ai^ ®£; is an integral domain by the assumption. 
Therefore S/^ (8>£;r2 is an integral domain and Zig is absolutely integral. Since Z^ ^ = F^ ^ 
for all / and m, Zi and F^ are all absolutely integral. 

(d) We have an equality dimF = dimF^ = dimFo = dim Zi = tr.deg^ A/. □ 

Corollary 4.15. (1) There exists a divisor d! of d such that if I = I' (mod d') then 
Zi = Zy and if I ^ I' (mod d') then Zi f] Zi' =0. 

(2) If m = m' (mod d') then Tm = F^/ and if m ^ m' (mod d') then F^ fi F^/ = 0. 

Therefore we can write Z = Ui^z/d'Zi, S = Hiez/d'^h A = Hzez/d' and F = 

Proof. (1) Since Zi is a Fo,_E-torsor and absolutely reduced for all /, it is clear that Zi = Zy 
or Zi n Zy = 0. We have the surjective map (03]) : Zi{E) x Fi(^) Zi^i{E). Therefore 
if Zi = Zy ^ then Zi^i{E) = Zy^i{E). Hence if we take d' to be the minimum positive 
integer such that Zq = Z^', then d' satisfies the desired properties. 

(2) By the same argument of the proof of (1), there exists a divisor d" of d which is 
the period of {Tm)m- Then by the map (j4.3p . we have 

^m{E) = Zi{E) ^Zi^jn{E) = Zi{E)^^ Zij^rn+d' {E) = Tm+d'{E). 

This means that d"\d' . By the map (|4.4p . we have 

Zi{E) = Zi{E)To{E) = Zi{E)Ta»{E) = Zi+a"{E). 
This means that d'\d" . □ 

4.2 F-action 

For any F-algebras R and S, we set S^^^ := R^pS- In particular, if = F' is a field, we set 
5' := S^^ If fj acts on S, we define the u-action on S^^^ by id^a. Note that, if 5*^ = F, 
then we have {S^^^y = R. Let Aut^(S(^V^^^^) denote the group of automorphisms 
of over E^^^ that commute with a. Similarly we define Auto-(A(^)/£'(^)). For any 
7 G F(i?), we obtain an automorphism Z^(r) Z^(r);x i-^ X7. On the level of coordinate 
rings, this corresponds to an automorphism S^^^ — ?> S(^);/i(^') 1— )• j.h(^) := /i(^7). Note 
that S(^) = F(^) S = £;(^)[^I', A(^')-i] ^ E^^'^[X,A-'^]/Pe(r). Thus we have a group 
homomorphism kj^ : T{R) — )• Aut(S(^)/£'('^)). 

Lemma 4.16. (1) For any F-algebra R, the map kji induces an isomorphism F(i?) — > 
AutaC^^^^ / E^^^) . inverse is the map a 1-^ "^~^{a"^ij)ij . 

(2) Aut<,(S/F) ^ Aut<,(A/F). 

(3) IfAi/F is a regular extension {i.e. separable extension and F is algebraically closed 
in Ai) for all I and F' / F is an algebraic extension of fields, then we have AutCT(SV-E') = 
AvitJ{A'/E'). 
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Proof. (1) For any 7 e T{R) and /i(^) € H^^^ we have o-(7./i(^)) = cr(/i(^'7)) = 
/i'"(c7(*7)) = /i'^($^'7) = -f.{h''{m)) = 7.(/i'^(a^')) = 7.((j(/i(^))). Hence ^^(7) com- 
mutes with a. Suppose that kr^j) is the identity. Then h{^j) = h{^) for any h{^) G 
T,^^\ In particular if we take /i(^) = ^'^ for each i and j, then we obtain ^7 = 
* in GL^(S(^)). Therefore 7 = 1 and this means that kr is injective. Conversely, 
let a G Aut„(E(^)/S(^)) be any element. Then a corresponds to an automorphism 
a : Z^(R) — > Z^(R), and a maps the S^^^ -valued point ^ to {a^ij)ij. By Theorem 
\4.13\ there exists an element 7 G r(S(^)) such that ^'7 = {a^ij)ij. Then for any 
G S(^), we have a(/i(^')) = /i((a^'ij)y) = /i(^7). Thus we obtain (7(7. = 
(j(a(/i(^))) = a(cr(/i(^))) = a(/i'^($^)) = 7./i'^($^) = /i'^(^>^'7). On the other hand, 
f7(7./i(^)) = o-(/i(^'7)) = /i'^((o-^')(o-7)) = h'^imiaj)). If we take = "^^j for each 

z and j, we obtain <I>^((T7) = <I>^'7. Hence a'j = 7. Therefore we have 7 G T{R) and 
Ki?(7) = 

(2) Since A = Frac(S), any automorphism of S extends uniquely to an automorphism 
of A. Conversely if q G Auta{A/E), then a{a{'^)) = a{a^) = a{^^) = ^ ■ a{^) in 
GLr(-L). Thus we have a{^) G ^ • GLr{F). This implies that a(S) C S. Similarly, we 
have a"HS) C S. Therefore a(S) = S. 

(3) Since A^/F is a regular extension, so is E/F. Since F' / F is an algebraic extension, 
E' and AJ are fields and AJ = Frac(S^). Therefore A' = Yliez/d' ^'i ^ finite product of 
fields and A' = Frac(S'). Then, the proof is the same as (2). □ 

We prepare some lemmas about Zariski density. 

Lemma 4.17. Let Vt/k he a field extension such that $7 is an algebraically closed field, X 
an algebraic variety over k and Y a closed subvariety of X^. If X{k) fl Y{Vt) is Zariski 
dense in Y , then Y is defined over k, i.e. there exists some algebraic variety Yq over k 
such that Y = Iq.c- 

Proof. We may assume that X is affine. Let k\X] be the coordinate ring of X and n\X] 
the coordinate ring of Xq^. Then we have Q.[X] = Vt (^kk[X]. Let a C ^[X] be the defining 
ideal of Y , Ofc := n k[X] and ak^n ■= • ft[X]. We need to show that ak^Q = a. Thus 
we assume that 0^,^ C 0. Let {gi)i£r be a /c-basis of k[X\ such that {g-i)i^i is a A;-basis 
of ttfc for some / C /'. We also take {cj)j^j to be a /c-basis of fi. Since ak,n $i a, there 
exists a non-zero element / = X^jg//^/ ciigi G a where Oj G ^l. Write Oj = J2j '^ij'^j i'^ij ^ 
k). Then we can write / = Ylj '^ijdi- ^ ^ ^(^) ^ ^(^); we have 

Ylj^jYli^v\i^ij9i{^) — fi^) — 0- Since (cj)j is linearly independent over k, we have 
Z]iG/'\/ '^ijdii^) = for all j. By the density assumption, we obtain X]iG/'\/ '^ij9i{^) = 
for all X G Y{Q,). Therefore X^jgj/y ctijgi G an/c[X] = = (Bi^ikgi for all j. Since {gi)i£i> 
is linearly independent over A;, we have aij = 0. Thus / = 0, which is a contradiction. □ 

Corollary 4.18. Let 0,/k be a field extension such that 0, is an algebraically closed field 
and X an algebraic variety over k. If X{k) is Zariski dense in X, then X{k) is Zariski 
dense in Xq. 

Proof. We take Y to be the Zariski closure of X{k) in Xq. Then there exists some algebraic 
variety Yq over k such that Y = Yq^q by Lemma [4. 171 It is clear that X{k) C YQ{k). Hence 
we have Yq = X since X{k) is Zariski dense in X. Therefore we have Y = Xq. □ 
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Lemma 4.19. Let Q/k be a field extension, Xi an algebraic variety over Q and X2 an 
algebraic varieties over k. If X2{k) is Zariski dense in X2, then Xi{Cl) x X2{k) is Zariski 
dense in Xi Xf^ X2^q., where Cl is an algebraic closure ofQ. 

Proof. Let V be the Zariski closure of Xi{Cl) x X2{k) in Xi xq X2^n- We assume that 
V Xi X2,n- Then we have an element {x,y) E {Xi{Q) x X2{0,)) \ V{Q). Therefore 
we have ({x} x Xa^jj) n C {x} x X2^q and {x} x X2{k) C {{x} x X2{Cl))nV{n). On the 
other hand, since X2{k) is Zariski dense in X2, X2{k) is Zariski dense in X2 ^ by Corollary 
14.181 Then {x} x X2{k) is Zariski dense in {x} x^ X2 This is a contradiction. □ 

Theorem 4.20. Let F'/F be an algebraic extension of fields such that T{F') is Zariski 
dense in Tp'. Assume that F' = F or Ai/F is a regular extension for all I. Then we have 
{A'f(^') = E' and A n (A')^^^') = E. 

Proof. The second part follows from the first part and the assumptions. Thus we prove 
the first part. In the proof of this theorem, we regard / as an element of the index set 
Ij/d' . We take any element / = {fi)i G (A')'"^^') C Hiez/d' ^'^'^ consider fi as a rational 
function of Zi^e' to A]^,. Then, for some non-empty open affine set Ui C Zi^e', fi can be 
regarded as a morphism fi ■ Ui ^ A^,. By Proposition 14.11"! we have an isomorphism 
Ze' X ^E' Ze' xe' ZE';{x,y) 1-^ (x,xy). We set U C Ze' Xe' ^e' to be the open 
subset corresponding to 11/ C/^ x e' U/f^/ via this isomorphism, and consider the two maps 

Qi : U > UUi Xe' m UUi A^, 

where i = 1,2 and vTj is the i-th projection. Let S be an algebraic closure of E' . Then for 
any {x,y) G {Z{S) x r{F'))r\U{S), we have gi{x,y) = f{'Ki{x,xy)) = f{x) and g2{x,y) = 
f{'^2{x,xy)) = f{xy) = f{x) since / is fixed by T{F'). Since r(F') is Zariski dense in Vp', 
Z{S) X T{F') is Zariski dense in Ze' Xe' Te' by LemmaES Then {Z{S) x r(F')) n U{S) 
is Zariski dense in U. Thus we have gi = §2, and this means /vri = /7r2. By considering 
on the level of coordinate rings, it is clear that / G £" since E' is a field. □ 

Corollary 4.21. If F is a local field, and each connected component ofV has an F-valued 
point, then A'"^^^ = E. 

Proof. Take any connected component V of T. Then there exists an F-valued point 
X G r'(F) by the assumption, and V is smooth by Lemma 14.141 By the implicit function 
theorem, there exists an open neighborhood of x in T'{F) which is isomorphic to some 
open subset of F'^^'^^. Since P' is irreducible, this implies that P'(-F) is Zariski dense in 
P'. Hence we conclude that T{F) is Zariski dense in P. Then this corollary follows from 
Theorem 11:201 □ 

5 The group F and (/^-modules 
5.1 General case 

In this subsection, we use the notations defined in Section El and fix a cr-admissible triple 
{F,E,L). Let M G be an L-trivial (/3-module over E of rank r, Fm the Tannakian 

subcategory of <I>M^ generated by M, Vm '■ Tm Vec(F) the fiber functor of Tm and Tm 
the Tannakian Galois group of (7m, Vm)- We fix m G Matrxi(-^) an i?-basis of M. Then 
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there exist matrices ^ € GLr{E) and ^ € Ghj.{L) such that ipm = $m and = <I>4'. 
We define F, S, . . . as in Section S] for $ and In this subsection, we show that there 
exists an equivalence of categories Tm — > Rep(r,F) under some assumptions. Note that 
T, and are independent of the choice of m and ^ by Proposition I3.13[ If G 7m and 
s is the rank of over E, we use the notation n G Matsxi(-^) and & GLs(L) for an 
-E-basis of N and a fundamental matrix respectively. For any i^'-algebras S and R, we set 
S(R) ■=R^p S. 

Proposition 5.1. For any N € Tm, we have "Fat € GLs(S). 

Proof. Let and A^' be objects in Ta/. Set s := dim^ A^ and s' := dim^; and assume that 
G GLs(S) and '^n' ^ GLs'(S). Since we can take ^'7v®Af' = ^'at ^at', ^n^n' = 
^ ^N' and ^'atv = (^'^"'^)*'', we have that ^'AreA^'; ^n®N' and ^fArv are invertible 

matrices with coefficients in S. We have to show that if ^ A^' — >■ A^ ^ A^" —t- is an 

exact sequence in 7m and ^'tv G GLs(S), then ^jyi G GLs'{T,) and ^Af" £ GLs//(S). Let 

n, n' and n" be -B-bases of A^, A^' and A^" such that 



n 



where n" is a lift of n". Since Vm is exact, we have an exact sequence 

^ Vm{N') ^ VmIN) ^ Vm{N") ^ 0. 
Let X, x' and x" be F-bases of Vm{N), Vm{N') and Vm{N") such that 



x 



X 



where x" is a lift of x". By Proposition 13.141 there exist matrices A G GLs(F), A' € 

']^^n = Ax, ^]^]n' = A'x' and 



GL,/(F) and A" € GL,//(F) such that ^^^n = Ax, ^-]n' = A'x' and ^^^U" = A"x". 



Consider the exact sequence 

L ®E N' ^ L (^E N L 0E N" ^ 0. 

Since both ^a^''^''^" and h" are mapped to n" and x' is an L-basis of L 0e , there 
exists a matrix B G Mats"xs'(-^) such that 



h" = Bx' + ^N"A"x". 



Therefore we have 



^'at^x = n 



^N'A' 

B ^'Ar"A" 



X. 



Since "^n ^ GLs(S), we conclude that "^n' ^ GLs/(S) and ^a^" G GLs//(S). □ 
Lemma 5.2. For any N € Ta/ and F-algehra R, there exists a natural isomorphism 

S(^) ®F V{N) S(^) (^E N. 
Similarly, there exists a natural isomorphism 

0F V{N) (g)EN 



for all I. 
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Proof. The inclusion V{N) CT,<S)e ^ and the product map S (8)f S S induce a natural 
map 

K : S(^) V{N) ^ S(^) (S>FT.(g)EN ^ S^^) (g)E N. 
Since 1 (g) n is a asis we can write k explicitly as follows: 

K(f •(l0vI/^in)) = (fM/^i).(l0n) 

for all f G Matixs(S(^)). Hence it is clear that k is an isomorphism. The version is 
proved by the same argument. □ 

Theorem 5.3. For any N G Tm, there exists a natural representation 

/3iV : r ^ GL{V{N)) 

over F that is functorial in N. 

Proof. For any i^-algebra R and 7 G r(i2) C GL,.(i?), we define 

p^^\j) : i? V'(iV) ^ (g)i. y(iV) ^ S(^) Ob TV ^ S(-f^) (g)^ iV, 

where the second map is the isomorphism defined in Lemma 15.21 and the third map is 
defined by O x 1— )• h{^'j) O x. Clearly p]y is functorial in A^. If im(/?]^^ (7)) = 

R Of V{M) then im{p^j^\j)) = i? Of V{N) for aU N €Tm- Thus we may assume that 
N = M. We can write p\,/{'y) explicitly: 

p!J^(7)(f • (1 O 'f-^m)) = f7-i(l O ^-^m), 
for each f G Matixr(^)- Therefore we have im{p'y\'y)) = R^p ViM). □ 

Prom the above description of p\,j , we have the following corollary: 
Corollary 5.4. The representation pM '■ T — )• GL{V (M)) is faithful. 

From Theorem \5.3\ we have a functor ■ Tm — ^ R-ep(r,-F), and it is clear by the 
construction that is a tensor functor. Let rjM ■ Rep(rAf , -^)) — >• Tm be the equivalence 
of categories defined by the Tannakian duality and a : Rep(r, F) — >• Vec(F) the forgetful 
functor. Since Vm = a o (,m, there exists a unique homomorphism ttm '■ F — )■ Tm over 
F such that the natural functor tm '■ Rgp{Tm, F) Rep(F,F) induced by ttm satisfies 
Cm oriM = Tm- 

Rep(rM, F) Tm — Rep(F, F) 

Vec(F) 

Proposition 5.5. For any representation W G Rep(F,F), there exists an object N G Tm 
such that W is isomorphic to a subquotient of S,m{N). 
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Proof. By Corollary 15.41 the F-representation £,MiM) = pM is faithful. Therefore, W is 
isomorphic to a subquotient of representation of the form 



where Oi,5, G N. However we have ef=i(eM(M))®'*» (^Af(M)V)®''" = CM(©F=iAf®'^^ ® 

Proposition 15.51 is equivalent to the next theorem ([6], Proposition 2.21). 

Theorem 5.6. The morphism of affine F-schemes ttm '■ P — )• Tm is a closed immersion. 

From now on, we assume that F(-F) is Zariski dense in F or Ai/F is a regular extension 
for each /. In the former case we put F' = F, and in the latter case we put F' = F. For any 
F-algebra S, we set S' := F' S. Then in any case, E' and AJ are fields, = Frac(S^) 
and A n (A')'^(^') = E hy Theorem H^Ol 

Proposition 5.7. Assume that T{F) is Zariski dense in F or Ai/F is a regular extension 
for each I. Then the functor '■ Tm — ^ Rep(F, F) is fully faithful. 

Proof. For any objects N,N' G 7m, there exist natural isomorphisms Hom7^^(A'"', A^) = 
HomrM(l,Hom(A^',Af)) andRomr{V{N'),V{N)) ^ Bomr{V{l),V{}iom{N' , N))). Thus 
it is enough to show that, for any A^ G Tm, Homjj^(l,A^) — >■ Homr(F(l), F(A^)) is an 
isomorphism. It is injective since Hom7-^j(l, A^) = A^"^ = A^ny(A^) ^ Homr(T/(l), V{N)). 
For any cj) G Homr(l^(l), F(A^)), there exists h = h(^') G Matixs(S) so that (/>(!) = hn 
by Lemma 15.21 Then for any 7 G F(-^')) have h(\I')n = </)(!) = 'y.4>{l) = h(\I'7)n. 
Hence h(^') = h('I'7) = 7.h. By Theorem 14. 20^ we have h G Matix<j(-E'), and this implies 
= hne N nV{N). □ 

We prepare a lemma from linear algebra. 

Lemma 5.8. Let E C A be general rings where E is a field and A = Jl/GZ/d' ^■^ ^ finite 
product of fields. Assume that ^E > d' . Let 1 < m < s and D G Matsxm(A). If there 
exists Dq G GLs(A) such that Dq = [*,D], then there exist A G GLm(A) and B G GLs{E) 
such that 



BDA 



G Mat^xm(A). 



Proof. For each I G Z/d' and 1 < j < m, let eij G Matixm(Ai) be a row vector such that 
the j-th component is one and the other components are zero. Write D = {Di)i where 
Di G Matsxm(A;). Since the rank of Di is m for each I, there exists a matrix Ai G GLm{Ai) 
such that 

DiAi = : 

Cl,s_ 

where C/^j G Matixm(A/), and for each 1 < j < m there exists an i such that Ci^i = eij. An 
elementary pattern of DiAi is a choice of {in, . . . , iim) G {1, . . . , s}™ such that C/^jj^, = ei^k 



for each 1 < k < m. We fix an elementary pattern (in, 



of DiAi for each I. For 
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each matrix P S MatsxmiM) such that, for each 1 < j < m there exists an i such that the 
i-th row of P is eij, we define an elementary pattern of P in the same way. For a matrix 
in Matsxm(A), we define the procedures 

(1) left-multiplication by a matrix in GLs{E), 

(2/) right-multiplication by a matrix in GLm(A/) x H/Y'^'-^J^' 

Set A := {Ai)i G GLm(A) and Cj := (C/^j); G Matixm(A). By using the above procedures, 
we want to transform DA to a matrix D' = {D[)i such that, we can choose an elementary 
pattern of D[ to (1, . . . , m) for each /. 

Fix i' 7^ i" and /q- Let r = (z' i") be the transposition of i' and i" . It is enough 
to show that, by using the procedures (1) and (2/), we can transform DA to a matrix 
D' = {D[)i such that, we can choose an elementary pattern of D'j^^ to (tz^qX, . . . , Tii^m 

) and 

an elementary pattern of D'^ to {in, • • • , iim 

) for each I Iq. 

First we assume that i' = ii^j/ and i" = ii^j" for some j' ^ j". For c € i?^, we can 
exchange the i'-th. row of DA for -|- cCj" by the procedure (1). Since #E > d', we 
can take c such that, for each I ^ Iq, ii i' = iij for some j then the j-th component of 
C«,i' + cCi^i" is non-zero. Then by the procedures (2;) for I ^ Iq, we can transform this 
matrix to a matrix D" = {D'l)i such that, we can choose an elementary pattern of D'^ to 
(i/i, . . . , iim) for each / ^ /q; the i-th row of D'l is j for each i ^ i' and the i'-th row of 

v' C 
(0,. .. ,0,1,0,. ..,0, c,0,...,0). 

Therefore by the procedure (2/p), we can transform D" to a matrix D' which has the 
desired properties. The case that i' {kai-, ■ ■ ■ -.Hom} and i" = ii^j" for some j" is proved 
in a similar way, and we omit the proof. □ 

Lemma 5.9. Assume that T{F) is Zariski dense in T or Ai/F is a regular extension for 
each I. Assume also that > d' . We take 1 < m < s and D € Matsxm(A) such that 
[*,D] e GLs(A) for some * € Mat5x(s-m)(A). We set 

W ■.= {i^e Matixs(A')|xD = 0}, 

and assume that T{F')W C W , where the elements ofT{F') act on W by componentwise. 
Then there exists a matrix C G Mat(g_„)xs(-^) such that the rank of C is s — m and 
CD = 0. 



Co 



Proof. By Lemma [521 there exist matrices A G GLm(A) and B G GLs{E) such that 

BDA 

where Im is the identity matrix of size m and Co G Mat(5_m)xm(A). We set 
Wb := WB-^ = {x G Matix.(A')|xSL» = 0} = {x G Matix.(A')|x 



Co 



0}. 



Then it is clear that Wb is also r(F')-stable. Thus, since each row of [—Co Is-m] is an 
element of Wb, each row of [— 7C0 Is-m] is also an element of Wb for any 7 G r(F'). 
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This means that 7C0 = Cq for each 7 G T{F'). Therefore Co € Mat 
Theorem S^ni We set C := [-Cq Is 
properties. 



{s—m)xm 

(E) by 

i?. Then it is clear that this C has the desired 

□ 



Proposition 5.10. Assume that T(F) is Zariski dense in T or Ai/F is a regular extension 
for each I. Assume also that > d' . For any N E Fm md T-subrepresentation U C 
(.AiiN), there exists a ip-submodule N' C N such that Cm{N') = 



itr 



Proof. We take u € Matuxi(f^) an F-basis of U such that n := [u *J " forms an F-basis of 
?m(-^)- By Lemma[521 we have n = Hn for some H = H{'^) G GLs(S). We take a matrix 
D e Mat5x(s-n)(5^) such that H'^ = [* D], and set W := {x e Matixs(A')|xL' = 0}. 
Since Is = IIH~^ = [* HD\^ , the z-th row of H is an element of W for each i < u. 
These form a A'-basis of W because the coefficient ring A' is a finite product of fields. 
For each 7 E T{F'), we have 711 = (7-ff)n = {'yH)H~^n. Since U is F-stable, the (i,j)-th 
component of {'yH)H~^ = [* {jH)D'j is zero for each i < u and j > u. Therefore, W is 
r(F')-stable. By Lemma 15.91 there exists a matrix C € Mat^xsl-^') such that the rank of 
C is n and CD = 0. Then we can take B € GL s{E) such that C forms the top rows of B. 
Let [n' n"]'''' := Bn where n' G Mat„xi(A^)- Let 



-1 



'c 


[* D]=: 


"I-' 0" 


* 




* * 



BH 

where ^' G GLu(S). Then we have 

ip{Bn) = ip{BH-^Hn) = a{BH-'^)ip{Hn) = a{BH'^)Hn 



n 



n 



1 


n' 








n'" 




n" 




* * 




n" 



where G GLu{E)- Hence A^' := (n')^; C is a sub (^-module, and we have <y9n' = <I>'n'. 
Moreover, we have 



^' 0" 



a{BH-^) = {a{BH-'^)HB-'^){BH-'^ 
Therefore, is a fundamental matrix for <!>'. Since 

Bn = BR-^Yi 

















* * 




* * 




* * 



n 



n 



0" 




u 


* * 




* 



we have that 6/(A^') = {{'^') n')F = {u)f = U. 



□ 



Theorem 5.11. Assume that T(F) is Zariski dense in T or Ai/F is a regular extension for 
each I. Assume also that ^E > d' . Then the morphism of affine F-schemes ttm '■ T — ?> Tm 
is an isomorphism. Equivalently, the functor (^m '■ Tm — ^ Rep(r, F) is an equivalence of 
Tannakian categories. 



Proof. By Propositions 15.71 and I5.10| ttm is faithfully flat ([B], Proposition 2.21). On the 
other hand, ttm is a closed immersion by Theorem 15.61 Therefore ttm is an isomorphism. 

□ 
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5.2 i;-adic case 

In this subsection, we continue to use the notations of the previous subsection and consider 
the case that {F,E,L) = {Fq{t)v, K{t)v, K^^^{t)y), where the notations are defined in 
Subsection 13.31 

The assumption that Ai/F is regular for each I is not true in general. For example, 
assume that r = I, v = t and ^ e K such that * := ^ K{t)y. Then is a 

fundamental matrix for $, and it is clear that Z is not absolutely irreducible. Therefore 
the assumptions are not satisfied. However we expect that this assumption is true for 
"good" objects. 

Hence we consider the other assumption. In the f-adic case, T{¥q{t)y) contains a Galois 
image. Since the Galois image is large enough, we can conclude that r(Fg(t)t,) is Zariski 
dense in T. 

Lemma 5.12. Let G he an algebraic group over a field k and H a subgroup of G{k). We 
set H^""^ the Zariski closure of H in G endowed with the reduced structure. Then H^""^ 
is a subgroup scheme of G and smooth. 

Proof. We denote by H the Zariski closure of H in G(k). By Lemma 14.171 H is defined 
over k. Then it is clear that {H^"'^)^ = H. Thus H^""^ is absolutely reduced. 

To prove that H^°^^ is a group scheme, it is enough to show that ^ is a group. For 
any a G G{k), the map Gik) — )■ Gik);g i-> is a homeomorphism. Thus for any a & H, 
we have aH = aH C H. Thus for any b £ H, we have Hb C H. Therefore Hb = Hb C H. 
Hence we have HH C H. Since the map G(k) — )• G(k);g i— g^^ is a homeomorphism, we 
have H-'^ = = H. □ 

Lemma 5.13. Let G he a topological group and k be a topological field. Let p : G ^ G\-ir{k) 
be a continuous k -representation ofG. We setCp the Tannakian subcategory o/Rep(G, A;) 
generated by p and Tp C GL^/k its Tannakian Galois group. Then p{G) is Zariski dense 
in Tp. 

Note that the Tannakian Galois group Tp may not be reduced. 

Proof. We have an inclusion p{G)^°'^ C Tp and p factors through a p{G)^°''^ {k)\ 

p:G^ piGf^^ik) ^ Tp{k) ^ GL^(A;). 

Thus we have functors of Tannakian categories 

Cp ^ Rep(rp, k) Rep(/)(G)^"^ A;) ^ Rep(G, A;). 

We denote by ^ be the Tannakian Galois group of Rep(G, k). Then we have morphisms 
of algebraic groups which correspond to the above sequence: 

TG,k ^ P(G)^'^'- ^ Tp. 

Since F^j ^ Tp is an epimorphism of algebraic groups, we have p{G)^'^^ (k) = Tp(k). □ 

For any r € Gk, since cr(r^') = r(o"^') = r(<I>^') = <I>(r^'), there exists a matrix 
At- G GLr(¥q{t)y) such that = ^At-. Therefore we have t(S) = S and a map Gk — > 
Aut(j(S/i^(t)t,). By Lemma r4.16l we have that Aj- G F(Fg(t)„) and A^ corresponds to the 
image of r in Auto-(S/i^(i)«) via the isomorphism Auto-(S/i^(t)„) = T{¥q{t)y). 
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On the other hand, we can verify that the map 



Gk ^ Aut,(S/K(t),) ^ r(Fg(t),) ^ rM(Fg(t).) ^ GL(y(M)) 

coincide with the natural representation Gk GL(y(M)) defined in Subsection 13.31 

Proposition 5.14. The image of Gk in rAf(Fy(t)i,) is Zariski dense in Tm- 

Proof. Let Cm be the Tannakian subcategory of Rep(Gx, Fg(t)^) generated by V{M). 
Then by Theorem 13.261 the categories Tm and Cm are equivalence. Therefore Tm is also 
a Tannakian Galois group of Cm- Hence by Lemma [5. 131 the image of Gk is Zariski dense 
in Tm- □ 

Theorem 5.15. If{F,E,L) = (Fg(t)^, i^"'=P(t)^), then the morphismiiM '-T ^Tm 

is an isomorphism. 

Proof. By Proposition 15.14] r(Fg(t)^) is Zariski dense in Tm- In particular, it is Zariski 
dense in T. Therefore by Theorem 15.111 ttm is an isomorphism. □ 



Proposition 5.16. Fix an index m £ Z/d and take an element t € Gk such that t 



F 



If 



<3 



d 



Then the image of t in T{¥q{t)^) is contained in Tm{¥q{t)^ 



d 



Proof. Since r induces a ii'(t)t,-isomorphism i^^°P((t — Aj+m)) — > K^^^ (^t — Xif) , also induces 
a bijection Z,+^(K-P((t - Xi+m))) ^ Zz+^(E:-P((t - A,)))- Let G r(F,(t)„) be as 
above. Since "^Ar = t^, we have ^lAr = r^i+m G Zi+rn{K'''''^ ([t - A/))). Note that 
'^i € Zi{K^^^{lt — Xifj) for each I by the definition of Zi. Therefore by Theorem 14. IH we 

have A^ G r„(i^-p((t - A/))) n r(F,(t),) = r^(F,(t),). □ 



6 v-Sidic criterion 

In this section, we set K := Fq(0) the rational function field over Fg with one variable 9 
independent of t. Let M be a finite-dimensional (/7-module over K{t)v, m a K{t)y-hasis of 
M and <I> € yi8Xry.r{K {t)^) a matrix such that ipm = <I>m. 

Definition 6.1. A (/^-module M is said to be a v-adic t-motive if $ € Matrxr{K[t]y) and 
det <I> = c(t - Oy for some c G and s € N. 

Since t — 9 is invertible in -ftr[t]t,, u-adic t-motives are /r'^*'P(t)^-trivial by Theorem l3.261 
Thus we can apply the results of the previous sections to ii-adic t-motives. 

Remark 6.2. Let k he a field of characteristic p > and i : Fp[t] — ?> /c a ring homomor- 
phism. Anderson defined the notion of t- motives over /c in [Ij . This is a (^-module M over 
k[t] which satisfies the following conditions: 

• M is free of finite rank over k[t]. 

• (t- L{t))^{M/k[t] - ipM) = for some integer iV > 0. 

• M is finitely generated over /co-i'/']- 

Here the f action on k[t] is defined as before and k„[ip] is the subring of A:[i]cr['p] generated 
by k and Thus we have a functor from the category of t-motives over K (here we take 
= 6) to the category of u-adic i-motives by tensoring K{t)^. 
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Let be the completion of K with respect to the place at v{9), := K ■ F^d the 

composite field of K and F^d in K, := ^^^^(e-A,) the completion of i^^ with respect 

to the place at {9 — A;), an algebraic closure of K\^, and Ca; := Kx^ the completion 
of Kx^ with respect to the canonical extension of {9 — Let vi be the valuation on Ca, 
normalized by vi{9 — Xi) = 1. For each /, we fix an embedding K to over K^- Then for 
each / € i^'^"P(^)^, = Ui ^^''^((i - A;)), we can define f{9) G Hi ^a^ by substituting 9 for t 
if it converge. We have the following conjecture, which is a f-adic analogue of Proposition 
3.1.1 in [2]: 

Conjecture 6.3. Let $ G GLr{K{t)^) n MatrxriK[t]) and ip G MatrxiiK''''P[t]v) be ma- 
trices such that ip{9) converges, crip = and det^ = c{t — 9)" for some c G and 
s G N. Then, any linear relation of the components of 'ip{9) over Ky(^g-^ lifts to some linear 
relation of the components of over K\t\y. Precisely speaking, if there exists an element 
p G Matixr(-^i)(e)) such that pip{9) = 0, then there exists an element P G MatixriK[t]y) 
such that Pip = 0, P{9) converges and P{9) = p. 

Conjecture 16.31 is true if r = 1 and we give a proof below. This proof is the same as 
the proof of the cc-adic version for r = 1 in [2]. 

If p = 0, then we can take P = 0. Therefore we may assume that p 7^ 0. Since for 
some P G we have P{9) = p. Hence it is enough to show that, if ip{9) = 0, then 

V' = 0. Write ip = ai^i{t — Xiy)i. For any v >0, the infinite sum ai^i{{9 — A/)'' 
converge because '^iO'i,i{9 — XiY converges and vi{{9 — XiY ") > vi{9 — Xi) for each /. Thus 
we have 

i i 

On the other hand, we have 

= {a''-^^)i9'^'"'^'') X ... X ia^<^)i9'i''"'^'') x iPi9'^'"'^'') 

By induction on u, we have ~ ^lY"^")^ — each I. Thus the formal series 

ai^iZ^ has infinite zeros on the disk vi{z) > vi{9 — A/). Therefore a/^j = for all I and i, 

and we conclude that ip = 0. 

Next, we calculate valuations of the coefficients of periods for some examples of t- 

motives. An element La,n is an analogue of the n-th Carlitz polylogarithm, and an element 

0^ is an analogue of the Carlitz period. 

Proposition 6.4. Let n > 1 be an integer and a G {K^'^'^)^ an element such that vi{a) > 
for all I. Then there exists an element La^n = La^n{t) = ~ A«))i ^ K^'^P[t]y = 

YliK^^^ft — Xil which satisfies the equation 

a{L^,n) = c7{a)+La,n/{t-9r. 

For any I G T^/d, < m < d — 1 and i >0, we have 
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Proof. For an element La,n = ~ ^ Y\i^^^^{{t ~ -^/))) we have an explicit 

descriptions 

{t - 9Ta{L^,,,) = {jl (^) - ^T-'^li,-}j it - ^iT^ ' 

a{a){t - er = Q (A, - er-'a'i{t - . 

We set 6;,, := E"=i (p(A/ - - (")(A/ - OY-'a^ and q := (A^ - 6)^. Then 

the equation in Proposition is equivalent to the equations 

= Q+iof^j + bi+i,i 

for all Z G Z/d and z G Z. For z < 0, we can take ai^i = 0. Fix i > and consider the 
system of polynomial equations 

Xi+i = ci+iXf + bi+i,i {I e z/d). 

For 2 < r < m, we set 

m m 

Pm,r,i ■■= bfj ' n ^^"^ " 7m := n^^" ' " 

s=r-+l s=2 

Then the above equations are equivalent to the equations 



m 



Xm = 7mXf +J2Pm,r,i {2<m<d+l). 
r=2 

Since X^+i = Xi,we can solve these equations in K^^^. This proved the existence part of 
this proposition. 

Next we calculate the valuations of these solutions by induction on i. We set fi{Xi) := 

'-fd+iXl — Xi + "^^=2 /3d+i,r,i- Since a;,j = for all i < 0, the inequality for the valuations 
in the statement of this proposition is true for i < 0. Fix i > and assume that the 
inequality in the statement of this proposition is true for integers lower than i. It is clear 
that t'i(7(i+i) = vi{ci) = n. For 2 < r < d, we have 



Vl{l3d+l,r,i) =n + '^Vi{br,i) 

>n + g'^+^~'' min {vi{(^.]) + qvi{ar-i 

l<j<n,i \J J 
>n + /+i-'^ min {-qr-^ ( '-^ + -!!-) ,0} 



— 1 
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For r = d + 1, we have 

vi{l3d+i,d+i,i) = vi{bi^i) 

> min {n- j + qvi{ad,i-j),n-i + qvi{a) +vi{l^,])} 



> min {n-j-q'^i — ^ + —j , 0} 

- i<j<n,i V 9 q'^ - I' 



q n 

> n — I 



.'-1 

Thus we conclude that vi{Y^'^t)z l^d+i,r,i) > n — i — q'^n/{q'^ — 1). By considering the 
Newton polygon of fi, we have fi(ai,i) > —i/q'^ — n/{q'^ — 1) for any root ai^i of /j. For 
2 < r < m < d, we have 

Vl{l3m,r,) = q'^-'v.ibr,) > ( -q^-' + ^1 1 = "'Z™'' " ^ 



q'^ -\) ) \ q^ q'^ -\ 



and 



Thus we have 



^ m ^ . 



□ 



The next proposition is proved by similar arguments as Proposition [67 

Proposition 6.5. There exists an element Vlv = = (X]ja/^j(t — A;)); G -R''^'^P[i]^ 

■Q^^scp|^ — A/]^ which satisfies the equation 

(6.1) a{n^) = {t - 6)^^. 

For any I Z/d, < m < d — 1 and i >0, we have 



qid(^qd _ ■ 

By Propositions 16.41 and I6.5t the infinite sums La^n{G) and Vt^{9) converge. 

Example 6.6. We define the Carlitz motive to be the y^-module C whose underlying 
i^(i)„-vector space is K(t)y and on which ip acts by 

^{f) = {t-e)a{f) 

for each f ^ C . The equation ()6.ip means that the element $1^, in Proposition 16.51 is a 
period of C. If we write Vt^ = = iY^iai,iit- Xi))i, then [Kd{ai ^0,^1,1, . . .) : K^] = 00 

by Proposition 16.51 Thus Qy^i is transcendental over K{t)y = Kd{{t — Xi)). Therefore we 
have that tr.deg^(^)^ A/ = 1 and Tc = Gm- 



31 



7 Algebraic independence of formal polylogarithms 



In this section, we prove the algebraic independence of certain "formal" polylogarithms. 
The proof of this theorem follows and [TD] closely. Let {F, E, L) be a cr-admissible 
triple and t,9 (z E distinct elements. Let n,r be positive integers and ai,...,ar € E 
fixed elements. Assume that (-F^)tor 7^ , and there exist elements = G and 
L'aj,n = {Laj,n,i)i G L for each j = 1, . . . , r such that a{Q) = {t — 9)Q, Qi is transcendental 
over E and a^La^^n) = o"(aj)+iaj,n/ {t — 9)"'. In the f-adic settings, such elements actually 
exist if «!, . . . , Or G -fC^ (cf. Section [6]). We set 



(t - 
a{ai){t-ey 



1 



1 



and 



1 



Then we have a'^ = Therefore, if M is the (/^-module over E corresponding to then 
M is L-trivial. This type of t-motive is considered in [5] and [10]. Note that in cxD-adic 
case, Vt and La^n are constructed explicitly, and is the n-th Carlitz polylogarithm 

of a. We define F, Tm, ^, A;, . . . as in the previous sections for M, $ and In particular, 
we have 

Furthermore, we assume that, T(F) is Zariski dense in L or Ai/F is regular extension for 
each I. Thus the natural immersion T Tm is an isomorphism by Theorem 15.111 



For each F-algebra R, we set 



G{R) :-- 







1 



e GL,+i(i?) 



Then G is an algebraic group over F and we have a natural inclusion F C G. Let Xq, . . . , 
be the coordinates of G such that the first column of a general element of G "is" 

Xi 1 



1 



We have the exact sequence 1 — > ^ G — > Gm ^ 1, here GJ^ is the subgroup scheme 
of G with coordinates (Xi, . . . and Gm is the quotient of G given by the projection 
{Xi) ^ Xq. Let C G <I>M^ be the one-dimensional (/^-module such that = {t — 9)a{f) 
for each f & C = E. Then we have the following exact sequence: 

^ C^" ^ M ^ 1"^ ^ 0. 



Thus C*®" is an object of Tm and we have the canonical surjection vr: F 
Gm- We set V := kervr. Then we have the commutative diagram 



M 
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where the rows are exact. 



Proposition 7.1. The subgroup V ofG^ is defined by linear forms in Xi, . . . , Xr with F 
coefficients. 

Proof. Let T C Tp be a maximal torus and 7f: Tp — > G^^p be the base extension of tt 
to F. Then we have dimT = 1 and ttIt- T — >■ G^^p is an isomorphism. Thus dit is 
non-trivial and so is c/tt. Hence we have the following exact sequence: 







^lAeV ^LieT 



■ Lie Gn 



Since F and G^ are smooth over F, we have the equalities dimpLieF = dimF and 
dimi;' Lie = 1. Thus we have the equality dimi;' Lie V = dim V. Therefore V is smooth 
over F. Thus it is enough to show that the space V{F) is a linear space defined over F. 
Let 



1 

V Ir 



G V{F) and a € F' 



be any elements. Since F(F) Gjn{F) is surjective, there exists an element 7 G F(F) 
such that 7r(7) = a. Then we have 



1 

av Ir 



Thus V{F) is a linear subspace of G^{F). Since V is defined over F, V is defined by linear 
forms in Xi, . . . , Xr with F coefficients. □ 

Since V is smooth and H^(F, V) = 1, we have the exact sequence 

1 > V{F) ^ F(F) ^ Gm{F) > 1. 

By the assumption on F, there exists an element 60 G F^ \ (-F^)tor- By the above 
sequence, there exists an element 



7 



bo 

bi 1 



br 1 



G F(F). 



We fix such 60 and 7. For each F-algebra R and a G i?^ , we set 

a 



la ■-- 



60 



Then for each a,b G i?^ and m G Z, we have 7a7b = 7^6 and 7"* = 7(,m. Hence we have 
= (i? {7„|a G R""}), a line in F. We set F' := (^,7) C F and s := r - dimV. We 
claim that F' = F. Indeed, let 



(7.1) 



Fi = Y,C^,JXj eF[Xi,...,Xr] {i = l,...,s) 



33 



be linear forms defining V. For each i, we set 

Gi := {bo - l)Fi{Xi, ...,Xr)- Fiih, . . . ,6.)(^o - 1) G F[Xo, . . .,Xr]. 

Tlien we can verify that Gi, . . . ,Gs define T' in GLj._|_i and T' is an algebraic group. Since 
y c r' c r and r' ^ Gm is surjective, we have T' — T. Thus we have the following 
proposition: 

Proposition 7.2. The algebraic group T is defined by the linear polynomials Gi, . . . ,Gs 
in GLr^i/F- 

Since = and Z is defined over E, Z is defined by linear polynomials over E, 
and there exists an E'-valued point 



■/o 

/i 1 



€ Z{E). 



We fix such ^. Then we have Z = ^ ■ Te- Set f- := Gi(/o, . . . , fr)fo^ G E and Hi := 
Gi{Xo, . . . ,Xr) — Xq/I G E[Xq, . . . , Xr]. Then Hi,. . . ,Hs are defining polynomials for Z. 
If we set gi := Cijbj, then we have 

r 

H, = {bo - 1) ^ CijXj +gi- {gi + fl)Xo. 
i=i 

Since € Z{Tii) for each /, we have 



(6o - 1) 5Z ''idLa„n,i + 5*f^r" - i9i + /i) = 
i=i 

for each / and i. Set B := {cij)ij G Matsxr(-^)- By the definition of Cij (|7.ip . the rank of 
B is s = r — dimy. Set 



'Pi' 




A. 





(6o - l)ci,i ... (6o - l)ci,r gi -{91 + f[) 



(60 - l)Cs,l ... {bo-l)Cs,r 9s -{9s + fs), 



G Mat 



sx{r+2) 



the coefficients matrix of the above equations. Then the rank of P is also s. We interested 
in 

This is the image of the S-linear map 

r 

i=i 

Since Pi G ker for each i, we have the inequality dim^jker/?; > s. Thus we have 
dim^; A^i < r + 2 — s = dim!/ + 2 = dimF + 1 = tr.deg^jA// + 1 for each I and On 
the other hand, it is clear that dim^jA'^; > tr.deg£;A; = tr.deg£;A;'. Thus we have the 
following theorem: 
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Theorem 7.3. For each I and I' , we have tr.deg^; < dim^; A'^; < tr.deg^ + 1. 

Corollary 7.4. // L^^^n.u • • • ; La^_n,l, 1 linearly independent over E for some I, then 
Lai,n,i'j ■ ■ ■ 5-^«r,n,i' ^'^^ algebraically independent over E for each I' . 

Proof. Note that since A// = E{Q.'^,, L^^^n^i'^ ■ ■ ■ ■, Lar,n,i'), we have tr.deg^; A^/ < r + 1. By 
the assumption, we have r + 1 < dim^; Ni < r + 2. 

Assume that dim^; Ni = r + 2. Then tr.deg^ A// < dim^; Ni. By Theorem 17. 3|. we have 
dim^; Ni = tr.deg^; A// + 1. Thus we have tr.deg^; A// = r + 1 and Sip, La^^n,u-, • • • , La^^n,u 
are algebraically independent over E. 

On the other hand, assume that dim^ A'^; = r + 1. By the assumption, we can write 
Sl;~" as a linear combination of Lai,n,h ■ ■ ■ jLa^^n,h 1 over E. In particular, we have f]" G 
E{La^ n,ii ■ ■ ■ iLa^^n^i)- Letting a act on this relation, we have 

{t - ern^, € aiE) (a(ai) + ^^1^, . . . , a(a.) + 

Thus for each we have rjp G E{La^^n,v-, ■ ■ ■ ,La^^n,i') and A// = E{L 

ai,n,l' 1 • • • ) -^ctr, 

By Theorem 17.31 we have tr.deg^ A// > dim^jA'^; — 1 = r. Thus tr.deg^; A// = r and 
Lai nV-, ■ ■ ■ 1 n V are algebraically independent over E. □ 
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